A revision for Heisenberg uncertainty relation based on environment
  variable in the QCPB theory by Wang, Gen
ar
X
iv
:2
00
3.
07
20
3v
2 
 [q
ua
nt-
ph
]  
19
 M
ar 
20
20
A revision for Heisenberg uncertainty relation based on
environment variable in the QCPB theory
Gen WANG
School of Mathematical Sciences, Xiamen University,
Xiamen, 361005, P.R.China
Abstract
The EPR 1 argued that quantum mechanics is an incomplete description of reality.
So far, the Heisenberg uncertainty principle and its extensions are all still inequalities
form which hold the superior approximate estimations, a precise estimation and en-
vironmental variables have never appeared in any formula. With the indeterminism
of observable quantities constrained by the uncertainty principle. The question arises
whether there might be some deeper reality hidden beneath quantum mechanics, to be
described by a more fundamental theory that can always predict the outcome of each
measurement with certainty, this paper by using the QCPB 2 attempts to answer this
question.
As a result of the QCPB theory, we geometrically propose an equality called quan-
tum geomertainty relation (QGR) to modify the uncertainty relation based on the fun-
damental theory QCPB to positively give a complete description of reality that predicts
the outcome of each measurement with certainty, meanwhile, the uncertainty relation
is just a derivation from this quantum geometric certainty equality. It deals with the
measurement in quantum equality for different manifolds equipped with various mathe-
matical or physical structure. Accordingly, the environment joins the physical process,
by taking environment variable as a geometric structure function in the QCPB into
consideration, it has naturally solved the environment problem for the measurements.
We demonstrate that entanglement term exists between the observable and the envi-
ronment. Actually, the QCPB nicely explains how the environment has an effect on
the measurement which causes the unavoidable influences. Conversely, we state that
quantum mechanics is incomplete assuredly. Doubtlessly, the QCPB is surely a new
way for such complete description of reality.
1Einstein, Podolsky, and Rosen
2QCPB: Quantum Covariant Poisson Bracket
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1 Introduction
In 1925, following pioneering work with Hendrik Kramers, Heisenberg developed matrix
mechanics, which replaced the old quantum theory with modern quantum mechanics. In
March 1926, Heisenberg realized that the non-commutativity implies the uncertainty prin-
ciple. This implication provided a clear physical interpretation for the non-commutativity.
Heisenberg showed that the QPB defined by commutation relation implies an uncertainty.
Any two variables that do not commute cannot be measured simultaneously–the more pre-
cisely one is known, the less precisely the other can be known. Later, the uncertainty principle
historically introduced first in 1927, by Heisenberg [1], it states that the more precisely the
position of some particle is determined, the less precisely its momentum can be known, and
vice versa.
The Heisenberg uncertainty relation for canonical observables q and p is certainly one
of the most fundamental results in quantum mechanics. It was introduced by Heisenberg
and mathematically proved by Kennard [2] and Weyl [3]. At present, the Heisenberg un-
certainty relation has richly developed. Later on the Heisenberg uncertainty relation was
generalized to the case of two arbitrary observables by Robertson [4,5] and Schro¨dinger [6].
In fact in [5,6] an improved version of the Heisenberg uncertainty relation has been obtained.
Finally, Robertson [7] was able to extend the previous results to an arbitrary number of ob-
servables. The inequalities found in [7] are called the Heisenberg-Robertson and Schro¨dinger
uncertainty relations. Recently a great deal of interest in uncertainty relations is observed.
It has been shown that they can be used to define squeezed and coherent states and also to
generalize this important concepts by introducing the notion of intelligent states [8–14]. It
seems to be natural that any theory which would like to describe quantum systems should
reproduce in some sense the uncertainty relations. So we expect that it must be also the case
in deformation quantization. Nowadays, it has already been put into a stronger form and
other versions, even generalized uncertainty relation in string theory. In a recent paper [15]
that has well proposed the QCPB equipped with quantum geometric bracket to define quan-
tum covariant Hamiltonian system (QCHS) and covariant dynamics, generalized Heisenberg
equation, G-dyamics, which have given a series of concise and complete interpretation of the
quantum mechanics.
1.1 Hidden-variable theory
In quantum physics, hidden variable theories are proposals to provide deterministic ex-
planations of quantum mechanical phenomena. The existence of indeterminacy for some
measurements is assumed as part of the mathematical formulation of quantum mechanics;
moreover, bounds for indeterminacy can be expressed in a quantitative form by the Heisen-
berg uncertainty principle.
Albert Einstein objected to the fundamentally probabilistic nature of quantum mechanics,
and famously declared ”I am convinced God does not play dice”. Einstein, Podolsky, and
Rosen (EPR) [16] argued that quantum mechanics is an incomplete description of reality.
Bell’s theorem would later suggest that local hidden variables of certain types are impossible
or that they evolve non-locally. A famous non-local theory is the De Broglie-Bohm theory.
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From his thought experiment, Einstein got more and more profound conclusions. He believes
in a ”natural basis hypothesis”: a complete description of physical reality must be able
to predict the experimental results with localized data, so the information contained in
this description exceeds the allowable range of uncertainty principle in quantum mechanics,
which means that there may be some hidden variables in the complete description, but
these localized variables do not exist in today’s quantum mechanics, because of the hidden
variables, he infers that quantum mechanics is not complete.
As per its mathematical formulation, quantum mechanics is non-deterministic, meaning
that it generally does not predict the outcome of any measurement with certainty. Instead,
it indicates what the probabilities of the outcomes are, with the indeterminism of observable
quantities constrained by the uncertainty principle. The question arises whether there might
be some deeper reality hidden beneath quantum mechanics, to be described by a more
fundamental theory that can always predict the outcome of each measurement with certainty,
if the exact properties of every subatomic particle were known the entire system could be
modeled exactly using deterministic physics similar to classical physics.
Einstein, Podolsky, and Rosen had proposed their definition of a complete description as
one that uniquely determines the values of all its measurable properties.
In 1964, John Bell showed through his famous theorem that if local hidden variables
exist, certain experiments could be performed involving quantum entanglement where the
result would satisfy a Bell inequality.
Bohm’s hidden-variable theory, assuming the validity of Bell’s theorem, any determin-
istic hidden-variable theory that is consistent with quantum mechanics would have to be
non-local, maintaining the existence of instantaneous or faster-than-light relations between
physically separated entities. The currently best-known hidden-variable theory, the causal
interpretation of David Bohm, originally published in 1952, is a non-local hidden-variable
theory.
It’s hoped that the fact that we can’t accurately predict some of the observations in quan-
tum mechanics can be reduced to the unknown hidden variables. Once these hidden variables
are determined, any observable measurement can be given accurately. As a valuable hidden
variable theory, its results must return to the results given by quantum mechanics under
certain conditions, and it can also predict some different results from quantum mechanics.
In this way, we can test its validity through new experiments. Unfortunately, up to now,
although people have put forward the theory of hidden variables one by one, only the theory
of hidden variables of determinism can meet the above requirements.
1.2 EPR paradox
The EPR paradox [16] is a thought experiment proposed by physicists Einstein, Podolsky
and Rosen (EPR), with which they argued that the description of physical reality provided
by quantum mechanics was incomplete. They argued for the existence of elements of reality
that were not part of quantum theory, and speculated that it should be possible to construct
a theory containing them. Resolutions of the paradox have important implications for the
interpretation of quantum mechanics. They invoked a principle, later known as the EPR
criterion of reality, positing that, if without in any way disturbing a system, we can pre-
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dict with certainty the value of a physical quantity, then there exists an element of reality
corresponding to that quantity. EPR tried to set up a paradox to question the range of
true application of quantum mechanics, quantum theory predicts that both values cannot
be known for a particle, and yet the EPR thought experiment purports to show that they
must all have determinate values.
EPR paper gives the conditions for questioning quantum mechanics. Any successful
physical theory must meet the following two conditions:
1. The theory of physics must be correct.
2. The theory of physics must give a complete description.
EPR paper focuses on the second condition, in other words, a complete physical theory
must be able to accurately describe each element of physical reality. In order to solve this
problem, many theoretical physicists attempt to establish the hidden parameter theory of
quantum mechanics. They think that until now, the hidden variables that determine the
decisive behavior of micro particles have not been found, and the statistical interpretation of
wave function is actually a kind of expedient method nowadays. Physicists have found that
what this paper discusses is not only hidden variables, but also the measurement results that
some variables that do not actually perform the measurement may have. The existence of
this variable is called realism hypothesis.
Modern theoretical physicists call the EPR paradox an unstable factor in physics, which
proves that there is a contradiction in today’s physical theory on a certain basis, and it may
be reinterpreted by new theories, giving a fatal blow to modern physics. Although it can
be said that a series of precise experiments support the orthodox interpretation of quantum
mechanics so far, the underlying fundamental problems of orthodox quantum mechanics
revealed in the ”EPR puzzle” still exist, which reminds us of a famous theoretical physicist
Feynman’s famous saying: ”I am sure that no one can understand quantum mechanics.”
Heisenberg uncertainty relation is associated with the hidden variable theories, we confi-
dently assure that the QCPB has provided such possibilities to explain the hidden variable
theories by using the environment variable as a geometric structure function in the quantum
geometric bracket and get a complete description of reality. We’re convinced that the QCPB
theory is self-consistent, then it will perfectly explain and predict experiments. Conversely,
it proves that the quantum mechanics is surely an incomplete theory. It nicely supports with
EPR paper which asserts that quantum mechanics is not a complete description of physical
reality.
1.3 Main results
This work is inspired by the idea of the QCPB in [15]. As a consequence of the discovery
of the QCPB and its related theory framework, the classic QPB is in the affirmative to be
replaced by the QCPB theory[
Aˆ, Bˆ
]
QPB
→
[
Aˆ, Bˆ
]
=
[
Aˆ, Bˆ
]
QPB
+G
(
s, Aˆ, Bˆ
)
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Such replacement clearly is a natural method to reconsider the Heisenberg uncertainty rela-
tion and its development, but how to be compatible with such replacement is the key point.
This raises the compelling question: what will happen to the Heisenberg uncertainty relation
under the QCPB, owing to completeness of the QCPB, a natural answer would be Heisen-
berg uncertainty relation that is not complete according to the view of Einstein, it needs
to be revised to an equality form. That the search for such an equality might be a fruitful
route to prove that quantum mechanics is not a complete theory. According to the QCPB,
such an equality form will be a new physical interpretation of quantum measurement and
the detailed information now available about it.
We ask if there is an independent equality for deeply explaining such inequality. The aim
is to find such certainly equality for better realizing this quantum inequality. The discovery
of the QCPB theory implies that there surely exists a problem of the uncertainty relation
associated with the QPB. Our goal in this paper is to take structure function s generated
by the spacetime or the environment into considerations, and we give a result as follows.
Theorem 1 (Quantum geomertainty relation (QGR)). The quantum operator fˆ , gˆ satisfies
the QCPB which does not covariant commute, then the standard variance between them is
the quantum geomertainty relation (QGR) such that
∆f ·∆g = ̟
(
s, fˆ , gˆ
)
where s is the environment variable in the quantum geometric bracket G
(
s, fˆ , gˆ
)
, and
̟
(
s, fˆ , gˆ
)
is quantumetric function.
Our method for building the quantum geomertainty relation (QGR) is compatible to be
based on the QCPB [15] that is a complete description of reality. Note that the structure
function s in QCPB is directly produced by the environment as a geometric structure func-
tion, hence, structure function s in QCPB can be regarded as a environment variable, the
precise expression of the structure function s is determined by the space we consider, hence,
now the environment is naturally included in a complete formula which can be a correction
term for the uncertainty relation, and then to make uncertainty relation certain is inevitable
in such new formula associated with the QCPB. In [15], the QCPB can completely explain
the evolution behavior of all observable measurements of a physical system. This paper
is affirmatively built on the strong foundation of [15] to completely explain the evolution
behavior of observables without any uncertainty or randomness. It answers some aspects of
the EPR that there indeed exists a new theory associated with the environment to complete
the quantum mechanics for sure.
The paper is organized as follows: in section 1, we briefly review the relevant knowledge
background of the uncertainty principle, and hidden-variable theory, EPR paradox, main re-
sult, and so on. The section 2 gives some basic quantum knowledge related to the Heisenberg
inequalities, the generalized uncertainty principle and other generalized form of uncertainty
relation. In section 3, we start by introducing the generalized geometric commutator and
geomutator, and the quantum covariant Poisson bracket (QCPB) defined by generalized ge-
ometric commutator, and covariant dynamics, etc. In section 4, following method of working
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on the generalized geometric commutator and geomutator, we propose the geometric anti-
commutator (GAC) and anti-geomutator. In section 5, we have derived a revision edition of
Schro¨dinger uncertainty relation by using the QCPB, and its particular form. In section 6,
we consider the difference between the QPB and the QCPB, it implies the problem existed
in the Heisenberg inequalities. In section 7, based on the QCPB, we construct the quantum
geomertainty relation (QGR) by direct calculation as a complete description of reality, which
suggests a schematic way of representing certainty relation. Firstly, the original approach of
quantum geomertainty relation is by applying the QCPB and a new equality is obtained by
working in a specific quantum geometric frame. In section 8, geomertainty principle based on
the covariant dynamics is presented as a reply to the EPR. In section 9, A similar approach
is developed for quantum geomertainty relation in terms of the position and momentum,
as an application, we consider the one-dimensional case. In section 10, we summarize this
article briefly.
2 Preliminaries
As Heisenberg [1] stated, the uncertainty principle is any of a variety of mathemati-
cal inequalities asserting a fundamental limit to the precision with which certain pairs of
physical properties of a particle, known as complementary variables, such as position and
momentum, can be known. More precisely, it states that the more precisely the position of
some particle is determined, the less precisely its momentum can be known, and vice versa.
But, the uncertainty principle has been confused with a somewhat similar effect in physics,
called the observer effect, which notes that measurements of certain systems cannot be made
without affecting the systems, that is, without changing something in a system. Heisenberg
utilized such an observer effect at the quantum level as a physical explanation of quantum
uncertainty. It has since become clearer, however, that the uncertainty principle is inherent
in the properties of all wave-like systems, and that it arises in quantum mechanics simply
due to the matter wave nature of all quantum objects. Thus, the uncertainty principle ac-
tually states a fundamental property of quantum systems and is not a statement about the
observational success of current technology. It must be emphasized that measurement does
not mean only a process in which a physicist-observer takes part, but rather any interaction
between classical and quantum objects regardless of any observer. Since the uncertainty
principle is such a basic result in quantum mechanics, typical experiments in quantum me-
chanics routinely observe aspects of it. Certain experiments, however, may deliberately test
a particular form of the uncertainty principle as part of their main research program [17–22].
Heisenberg used uncertainty principle to explain how the measurement would destroy
the classical characteristics of quantum mechanics. The well-known double slit interference
is an example. However, some quantum physicists believe that it is not Heisenberg’s uncer-
tainty principle that can explain the disappearance of interference patterns, but some other
mechanisms. There are still many problems around the uncertainty principle that have not
been well explained.
In this section, it requires some knowledge of Heisenberg uncertainty relation and its
related extension. Firstly, we briefly give basic quantum knowledge, in retrospect.
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For an arbitrary Hermitian operator, we can associate a standard deviation
σO =
√
〈Oˆ2〉 − 〈Oˆ〉2
where the brackets 〈Oˆ〉 indicate an expectation value, sometime, we use Oˆ to express an
expectation value. More precisely, for a given operator Fˆ and its expectation value F , we
have (
Fˆ − F
)2
= Fˆ 2 − 2FˆF + F 2 = F 2 − 2FˆF + F 2
= F 2 − 2F 2 + F 2 = F 2 − F 2
where Fˆ = F has been used, we will use Fˆ = F =
〈
Fˆ
〉
, and σA = ∆A = σAˆ.
2.1 The uncertainty relation
The uncertainty principle is one of the most characteristic and important consequences of
the new quantum mechanics. This principle, as formulated by Heisenberg for two conjugate
quantum-mechanical variables, states that the accuracy with which two such variables can
be measured simultaneously is subject to the restriction that the product of the uncertainties
in the two measurements is at least of order ~/2 [23–26]. Heisenberg’s uncertainty principle
is represented by the statement that the operators corresponding to certain observables do
not commute.
The uncertainty principle implies that it is in general not possible to predict the value
of a quantity with arbitrary certainty, even if all initial conditions are specified. In order to
explain the physical reasons for the uncertainty relation related to the quantum measurement,
scientists have been thinking about how the environment acts on the measurement, for this
reason, the physicists have presented so many theories to explain such phenomenon, but
they still face some unsolved problems in this.
Why not be unable to certainly measure? why can’t predict accurately? What’s the
reason for this uncertainty? The most frequently reason mentioned is the interference of
measurement from the environment. The only consensus we have made is the uncertainties
in measurements caused by the environment, the deep reason for this still seeks.
The mean error of mechanical quantity operator Aˆ and wave function ψ, is defined
∆Aˆ = Aˆ−
(
ψ, Aˆψ
)
= Aˆ− A
and then a series of operation accordingly follow, such as the mean square error of mechanical
quantity Aˆ is
(∆A)2 ≡
(
∆Aˆ
)2
=
(
ψ,
(
∆Aˆ
)2
ψ
)
=
(
ψ,
(
Aˆ− A
)2
ψ
)
=
(
ψ,
(
Aˆ2 − 2AˆA+ (A)2)ψ)
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=
(
ψ, Aˆ2ψ
)
− (A)2 = A2 − (A)2
The eigenvalues equation is Aˆψ = Aψ, and expectation value follows A =
(
ψ, Aˆψ
)
. The
square root of it is
∆A =
√(
∆Aˆ
)2
=
√
A2 − (A)2 =√(ψ, Aˆ2ψ)− (ψ, Aˆψ)2
Heisenberg’s uncertainty principle shows that some physical quantities describing a micro
particle, such as position and momentum, momentum moment, time and energy, can not have
a definite value at the same time. The more definite one quantity is, the more uncertain the
other quantity is. That is, the inequality satisfied by the fluctuation of any two mechanical
quantities in an arbitrary quantum state.
Let any two mechanical quantities Fˆ and Gˆ be given, then Fˆ and Gˆ are Hermitian
operator, Heisenberg’s relation is shown as
√
F 2 ·G2 ≥
∣∣∣∣[Fˆ , Gˆ]
QPB
∣∣∣∣
2
(1)
If commutation relation between Fˆ , Gˆ is
[
Fˆ , Gˆ
]
QPB
=
√−1κ, then above inequality can
write in the form ∆F ·∆G ≥ κ
2
, above inequality holds for any two Hermitian operators Fˆ
and Gˆ, F and G are real numbers. Any two mechanical quantities Fˆ and Gˆ should satisfy
the relation under the fluctuation of any quantum state, that is, uncertainty relation.
The commutation of the position and momentum comply with [26]
[xi, pˆj]QPB =
√−1~δij (2)
Where δij =
{
1, i = j
0, i 6= j . The formal inequality relating the standard deviation of position σx
and the standard deviation of momentum σp was derived by Kennard, later that year and
by Hermann Weyl in 1928:
σxσp ≥ ~
2
where ~ is the reduced Planck constant.
Some concepts are given such as eigenfunction, eigenvalues and mean value, more pre-
cisely, the eigenvalues equation is Aˆϕ = Aϕ, where A is eigenvalue, and ϕ is eigenfunction,
the mean values for any observables can be expressed as
〈A〉 = A = 〈ϕ| Â |ϕ〉
In matrix mechanics, observables such as position and momentum are represented by self-
adjoint operators. When considering pairs of observables, an important quantity is the
commutator. For a pair of operators aˆ and bˆ, one defines their commutator as
[aˆ, bˆ]QPB = aˆbˆ− bˆaˆ
9
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In the case of position and momentum, the commutator is the canonical commutation rela-
tion [xˆ, pˆ]QPB =
√−1~. The physical meaning of the non-commutativity can be understood
by considering the effect of the commutator on position and momentum eigenstates.
∆x ·∆p−
∣∣∣∣∣ [x, pˆ]QPB2√−1
∣∣∣∣∣ ≥ 0
For example, if a particle’s position is measured, then the state amounts to a position
eigenstate. This means that the state is not a momentum eigenstate, however, but rather
it can be represented as a sum of multiple momentum basis eigenstates. In other words,
the momentum must be less precise. This precision may be quantified by the standard
deviations,
σx =
√
〈xˆ2〉 − 〈xˆ〉2, σp =
√
〈pˆ2〉 − 〈pˆ〉2.
As in the wave mechanics interpretation above, one sees a tradeoff between the respective
precisions of the two, quantified by the uncertainty principle.
2.2 Generalized uncertainty principle
Heisenberg uncertainty principle is the cornerstone of quantum mechanics. It elaborates
the relationship between the degree of uncertainty between two related variables. At present,
many different versions of the expression are obtained around the relationship of uncertainty.
The research on uncertain relationship is still very active. GUP is the generalized uncertainty
principle [28–30], which modifies the common uncertainty principle. (Witten 1996; Amati et
al .1987; Yoneya 2000; Adler 1999; Maggiore 1994 ; Veneziano 1980; Farmany and Dehghani
2010). It discusses and considers that the principle of uncertainty should take form
∆x >
~
∆p
+ αl2p
∆p
~
(3)
where α is a dimensionless constant, and lp = (G~/c
3)
1/2 ≈ 1.6 × 10−35m is Planck length.
Normally set to the order of unity but which in string theory is found to correspond to the
string tension. The second term in (3) relates to the uncertainties due to the gravitational
effects, and so they will only become significant when ∆x ≈ lp.
Along this line, many studies have converged on the idea that the HUP should be properly
modified at the quantum gravity scale, in order to accommodate the existence of such a
fundamental length. In this sense, one of the most adopted generalizations of the uncertainty
principle (GUP) reads [30]
δxδp ≥ ~
2
± 2|β|ℓ2p
δp2
~
=
~
2
± 2|β|~δp
2
m2p
(4)
where the sign ± refers to positive/negative values of the dimensionless deformation param-
eter β, which is assumed to be of order unity in some models of quantum gravity, and in
particular in string theory.
10
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(4) can be deduced from the modified commutator
[xˆ, pˆ]QPB =
√−1~
(
1± |β|
(
pˆ2
m2p
))
One of the most difficult and stimulating challenges the physics community has been strug-
gling with for a long time is to understand whether the gravitational interaction has an
intrinsic quantum nature and, if so, how to formulate a thorough quantum theory of gravity
which avoids conceptual problems and is able to make successful predictions at any energy
scale. In pursuing the aim of combining both gravitational and quantum effects, the question
inevitably arises as to whether the basic principles of quantum mechanics need to be revised
in the quantum gravity realm [30].
A general predictions of any quantum theory of gravity is that there exists a minimal
length below which no other length can be observed. From perturbative string theory point
of view, such a minimal observable length is due to the fact that strings cannot probe
distances smaller than the sting size. In the scale of this minimal size, the quantum effects
of gravitation become as important as the electroweak and strong interactions. Thus, in the
study of high energy physics phenomena such as the very early universe or in the strong
gravitational fields of a black hole, one cannot neglect the effects of the existence of such a
minimal length.
An important feature of the existence of a minimal length is the modification of the
standard Heisenberg commutation relation in the usual quantum mechanics. Such relations
are known as the Generalized Uncertainty Principle (GUP). In one dimension, the simplest
form of such relations can be written as [28]
△p△x ≥ ~
2
(
1 + β(△p)2 + γ)
where β and γ are positive and independent of△x and△p, but may in general depend on the
expectation values 〈x〉 and 〈p〉. The usual Heisenberg commutation relation can be recovered
in the limit β = γ = 0. As is clear from above equation, this equation implies a minimum
position uncertainty of (△x)min = ~
√
β, and hence β must be related to the Planck length.
For a more general discussion on such deformed Heisenberg algebras, especially in three
dimensions. Now, it is possible to realize above equation from the following commutation
relation between position and momentum operators [28]
[xˆ, pˆ]QPB =
√−1~ (1 + βp2)
where we take γ = β〈p〉2. More general cases of such commutation relations are studied.
Also various applications of the low energy effects of the modified Heisenberg uncertainty
relations have been extensively studied.
The general Weyl-Heisenberg algebra of the kind studied in [49–51]
[xi, pj]QPB =
√−1~
(
δij
(
1 + α1p+ β1p
2
)
+ pipj
(
α2
p
+ β2
))
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where p ≡
√
p2 =
√
pipi , and α and β must be dimensionfull constants, [αa] ∼ 1/p, [βa] ∼
1/p2, for a = 1, 2. Some expressions for the GUP is then such as
[xi, pj]QPB =
√−1~
(
δij − α
(
pδij +
pipj
p
)
+ α2
(
p2δij + 3pipj
))
2.3 Other generalized form of uncertainty relation
Heisenberg’s uncertainty principle is one of the main tenets of quantum theory. Neverthe-
less, and despite its fundamental importance for our understanding of quantum foundations,
there has been some confusion in its interpretation. Although Heisenberg’s first argument
was that the measurement of one observable on a quantum state necessarily disturbs another
incompatible observable, standard uncertainty relations typically bound the indeterminacy
of the outcomes when either one or the other observable is measured. If two incompatible ob-
servables cannot be measured together, one can still approximate their joint measurement,
at the price of introducing some errors with respect to the ideal measurement of each of
them [32–48].
For operators Aˆ and Bˆ, the commutator for them is[
Aˆ, Bˆ
]
QPB
= AˆBˆ − BˆAˆ
in this expression, the most common general form of the uncertainty principle is the Robert-
son uncertainty relation [2, 4] that reads
σ(A)σ(B) ≥
∣∣∣∣ 12√−1〈[Aˆ, Bˆ]QPB〉
∣∣∣∣ = 12 ∣∣∣〈[Aˆ, Bˆ]QPB〉∣∣∣
where σ(A) and σ(B) are respectively standard variance of A and B. In this notation, the
Heisenberg-Robertson uncertainty relation in terms of x and pˆ is shown as
ϑ (x)ϑ (pˆ) ≥ 1
2
∣∣∣〈ψ| [x, pˆ]QPB |ψ〉∣∣∣
where ϑ can be ∆ or σ.
Definitely, the QPB is an incomplete description, hence, it should be replaced by the
complete QCPB theory, more precisely,
[
Aˆ, Bˆ
]
QPB
→
[
Aˆ, Bˆ
]
.
2.4 The Schro¨dinger uncertainty relation
The Robertson uncertainty relation immediately follows from a slightly stronger inequality—
the Schro¨dinger uncertainty relation that is given by
σAσB ≥
√(
1
2
〈{Aˆ, Bˆ}ir〉 − 〈Aˆ〉〈Bˆ〉
)2
+
(
1
2
√−1〈[Aˆ, Bˆ]QPB〉
)2
where
σ2A = 〈(Aˆ− 〈Aˆ〉)ψ|(Aˆ− 〈Aˆ〉)ψ〉 = 〈f |f〉,
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σ2B = 〈(Bˆ − 〈Bˆ〉)ψ|(Bˆ − 〈Bˆ〉)ψ〉 = 〈g|g〉
σ2Aσ
2
B = 〈f |f〉〈g|g〉 ≥ |〈f | g〉|2
Since 〈f |g〉 is in general a complex number, modulus squared of any complex number z
is defined as |z|2 = zz∗, so according to the complex variables function theory ,it has the
following
〈f |g〉 = 〈(Aˆ− 〈Aˆ〉)ψ|(Bˆ − 〈Bˆ〉)ψ〉,
|〈f |g〉|2 =
(〈f |g〉+ 〈g|f〉
2
)2
+
(〈f |g〉 − 〈g|f〉
2
√−1
)2
where using the fact that Aˆ and Bˆ are Hermitian operators,
〈f |g〉 − 〈g|f〉 = 〈AˆBˆ〉 − 〈Aˆ〉〈Bˆ〉 − 〈BˆAˆ〉+ 〈Aˆ〉〈Bˆ〉 = 〈[Aˆ, Bˆ]QPB〉
〈f |g〉+ 〈g|f〉 = 〈AˆBˆ〉 − 〈Aˆ〉〈Bˆ〉+ 〈BˆAˆ〉 − 〈Aˆ〉〈Bˆ〉 = 〈{Aˆ, Bˆ}ir〉 − 2〈Aˆ〉〈Bˆ〉
|〈f |g〉|2 =
(
1
2
〈{Aˆ, Bˆ}ir〉 − 〈Aˆ〉〈Bˆ〉
)2
+
(
1
2
√−1〈[Aˆ, Bˆ]QPB〉
)2
.
σ2Aσ
2
B ≥
(
1
2
〈{Aˆ, Bˆ}ir〉 − 〈Aˆ〉〈Bˆ〉
)2
+
(
1
2
√−1〈[Aˆ, Bˆ]QPB〉
)2
the Schro¨dinger uncertainty relation
σAσB ≥
√(
1
2
〈{Aˆ, Bˆ}ir〉 − 〈Aˆ〉〈Bˆ〉
)2
+
(
1
2
√−1〈[Aˆ, Bˆ]QPB〉
)2
where we have introduced the anticommutator {Aˆ, Bˆ}ir = AˆBˆ + BˆAˆ.
This proof has an issue related to the domains of the operators involved. For the proof
to make sense, the vector Bˆ |ψ〉 has to be in the domain of the unbounded operator Aˆ,
which is not always the case. In fact, the Robertson uncertainty relation is false if Aˆ is an
angle variable and Bˆ is the derivative with respect to this variable. In this example, the
commutator is a nonzero constant-just as in the Heisenberg uncertainty relation and yet
there are states where the product of the uncertainties is zero. This issue can be overcome
by using a variational method for the proof, or by working with an exponentiated version of
the canonical commutation relations.
Note that in the general form of the Robertson-Schro¨dinger uncertainty relation, there
is no need to assume that the operators Aˆ and Bˆ are self-adjoint operators. It suffices to
assume that they are merely symmetric operators. Since the Robertson and Schro¨dinger
relations are for general operators, the relations can be applied to any two observables to
obtain specific uncertainty relations.
As we can see the derivation process of the uncertainty Schro¨dinger relations, it shows
〈f | f〉 〈g| g〉 − |〈f | g〉|2 ≥ 0
In fact, let δ (f, g) = 〈f | f〉 〈g| g〉− |〈f | g〉|2 ≥ 0 be given, then it leads to the equality result
〈f | f〉 〈g| g〉 = |〈f | g〉|2 + δ (f, g)
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then
δ (f, g) = σ2Aσ
2
B − |〈f | g〉|2
= σ2Aσ
2
B −
(
1
2
〈{
Â, B̂
}
ir
〉
−
〈
Â
〉〈
B̂
〉)2
−
(
1
2
√−1
〈[
Â, B̂
]
QPB
〉)2
If we let
N1
(
Â, B̂
)
=
1
2
〈{
Â, B̂
}
ir
〉
−
〈
Â
〉〈
B̂
〉
, N2
(
Â, B̂
)
=
〈[
Â, B̂
]
QPB
2
√−1
〉
(5)
then
δ (f, g) = σ2Aσ
2
B − |〈f | g〉|2 = σ2Aσ2B −N12
(
Â, B̂
)
−N22
(
Â, B̂
)
(6)
2.5 The error-disturbance uncertainty relation
The error-disturbance uncertainty relation (EDR) is one of the most fundamental issues
in quantum mechanics since the EDR describes a peculiar limitation on measurements of
quantum mechanical observables.
Ozawa’s inequality [27–30] as a correction is
ǫ(A)η(B) + ǫ(A)σ(B) + σ(A)η(B) ≥ |〈ψ|[Aˆ, Bˆ]QPB|ψ〉|
2
Branciard [31] has improved Ozawa’s relation-error-disturbance relation as(
ǫ(A)2σ(B)2 + σ(A)2η(B)2 (7)
+ 2ǫ(A)η(B)
√
σ(A)2σ(B)2 − C2) 12 ≥ C
where C =
∣∣∣∣〈[Aˆ, Bˆ]
QPB
〉∣∣∣∣ /2.
In conclusively, let
C =
∣∣∣∣〈[Aˆ, Bˆ]
QPB
〉∣∣∣∣ /2, [Aˆ, Bˆ]
QPB
= AˆBˆ − BˆAˆ (8)
be given for below discussions, there are four situations given by [33]
i The generalized form of Heisenberg’s EDR for an arbitrary pair of observables Aˆ and Bˆ is
given by
ǫ (A) η (B) ≥ C (9)
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ii It should be emphasized that (9) is not equivalent to the following relation that is math-
ematically proven
σ (A)σ (B) ≥ C (10)
where σ (A) =
√〈
Aˆ2
〉
−
〈
Aˆ
〉2
is the standard deviation. Indeed, Heisenberg’s EDR
(9) is derived from (10) under certain additional assumptions.
iii Ozawa proposed an alternative EDR that is theoretically proven to be universally valid:
ǫ(A)η(B) + ǫ(A)σ(B) + σ(A)η(B) ≥ C
The presence of two additional terms indicates that the first Heisenberg’s term ǫ (A) η (B)
is allowed to be lower than C.
iiii Most recently, Branciard has improved Ozawa’s EDR as(
ǫ2(A)σ2(B) + σ2(A)η2(B)
+ 2ǫ(A)η(B)
√
σ2(A)σ2(B)− C2) 12 ≥ C
which is universally valid and tighter than Ozawa’s EDR.
Obviously, it’s clear to see that four situations completely rely on the QPB (8) which is their
common ground, it’s a key point for all inequalities shown above. All inequalities are still
the superior approximate estimations, and a precise estimation to the real world is needed
in science.
Actually, up to now, all such studies about the error-disturbance uncertainty relation
or inequalities related to uncertainty relation or the generalized uncertainty relation are
obtained by using the QPB or the commutator. Throughout all the current theoretical
forms related to the uncertainty relation or correlative inequalities, environmental variables
have never been taken into account so far, this point can be easily seen from the above
inequalities of different forms.
As a result, the QCPB should be a substitute for all the QPB as a core in the error-
disturbance uncertainty relation,
C =
∣∣∣〈[Aˆ, Bˆ]〉∣∣∣ /2 = ∣∣∣∣〈[Aˆ, Bˆ]
QPB
+G
(
s, Aˆ, Bˆ
)〉∣∣∣∣ /2
=
∣∣∣∣〈[Aˆ, Bˆ]
QPB
〉
+
〈
G
(
s, Aˆ, Bˆ
)〉∣∣∣∣ /2
As it shown, the quantum geometric bracket G
(
s, Aˆ, Bˆ
)
occupies a large proportion in the
formula which contains the environment variable.
15
G. WANG
3 Generalized geometric commutator and geomutator
Let a and b be any two operators, their commutator is formally defined by
[a, b]cr = ab− ba.
Note that the operator for commutator can be any mathematical form to be appeared for
the calculation, such as a function, vector, differential operator, partial differential operator,
even a number in a number field, and so on, it can be arbitrarily chosen according to our
needs.
Let a and b be any elements of any algebra, or any operators, their generalized geometric
commutator is formally defined by the following.
Definition 1 (GGC). [15] A generalized geometric commutator (GGC) of arity two a, b is
formally given by
[a, b] = [a, b]cr +G (s; a, b)
The geomutator is
G (s; a, b) = a[s, b]cr − b[s, a]cr
satisfying G (s; a, b) = −G (s; b, a), where s is a geometric structure function given by domain.
Some properties of the geomutator are given by
G (s, a+ b, c+ d) = G (s, a, c) +G (s, b, d) +G (s, b, c) +G (s, a, d)
G (s, a+ b, c) = G (s, a, c) +G (s, b, c)
G (s, a, c+ d) = G (s, a, c) +G (s, a, d)
for operators a, b, c, d. With some particular properties are given by
G (s, a, a) = G (s, s, s) = 0
G (s, s, a) = s[s, a]cr
G (s, a, s) = s[a, s]cr
3.1 QCPB and quantum geobracket (QGB)
As [15] stated, quantum covariant Poisson bracket (QCPB) is defined by generalized
geometric commutator (GGC) while quantum geometric bracket (QGB) is given based on
the geomutator. More precisely,
Definition 2 (QCPB). [15] The QCPB is generally defined as[
fˆ , gˆ
]
=
[
fˆ , gˆ
]
QPB
+G
(
s, fˆ , gˆ
)
in terms of quantum operator fˆ , gˆ, where G
(
s, fˆ , gˆ
)
= −G
(
s, gˆ, fˆ
)
is called quantum
geometric bracket.
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It is zero if and only if fˆ and gˆ covariant commute, i,e.
[
fˆ , gˆ
]
= 0. It is remarkable
to see that the QCPB representation admits a dynamical geometric bracket formula on the
manifold. Note that structural function s represents the background property of spacetime.
It is believed that quantum mechanics is an incomplete description of reality. The QCPB
suggests that hidden variables of certain types exist for a complete description of physical
reality. In particular, the quantum geometric bracket (QGB) which means that there exsits
hidden variables in the complete description such that quantum mechanics is complete.
Based on the QCPB theory, the fact that we may accurately predict some of the obser-
vations in quantum mechanics that can be linked to the this known hidden variables in the
QGB–environment variable. Once this hidden variable is determined, any observable mea-
surement can be given accurately. As a complete hidden variable theory, there is no doubt
that its results can return to the results given by quantum mechanics under certain condi-
tions, and it can obviously predict some different results from quantum mechanics shown
in [15]. Later, in this way, we will know that this environment variable in the QGB can meet
the above previously requirements of determinism.
Definition 3 (Quantum geometric bracket (QGB)). [15] The quantum geometric bracket
is
G
(
s, fˆ , gˆ
)
= fˆ [s, gˆ]QPB − gˆ
[
s, fˆ
]
QPB
where s represents the globally condition of space.
Let’s assert the role of the structure function s that is a geometric structure function
given by domain based on the generalized geometric commutator in definition 1, it means
that structure function s is only determined by the environment, or spacetime, or manifolds,
the domain, ect, from this viewpoint, the environment joins the physical process, the influence
of the environment now based on new theory can’t be ignored, it’s naturally necessary to be
considered in a physical process. In other words, the environment has joined the physical
process, accordingly. By using the antisymmetric, the quantum geometric bracket (QGB) is
rewritten as
G
(
s, fˆ , gˆ
)
= fˆ [s, gˆ]QPB + gˆ
[
fˆ , s
]
QPB
This expression can vividly and concretely state that the environment interacts with the
operators fˆ , gˆ respectively. We can say that the environment variable s can be such hidden
variable.
Definition 4. [15] The covariant equilibrium equation is given by
[
fˆ , gˆ
]
= 0, i.e,[
fˆ , gˆ
]
QPB
+G
(
s, fˆ , gˆ
)
= 0
for operators fˆ , gˆ.
Taking the modulus of means of the both sides∣∣∣〈G(s, fˆ , gˆ)〉∣∣∣ = ∣∣∣∣〈[fˆ , gˆ]
QPB
〉∣∣∣∣
17
G. WANG
where G
(
s, fˆ , gˆ
)
= fˆ [s, gˆ]QPB+ gˆ
[
fˆ , s
]
QPB
, and applying the triangular inequality, we have
∣∣∣〈fˆ [s, gˆ]QPB〉∣∣∣+ ∣∣∣∣〈gˆ[fˆ , s]
QPB
〉∣∣∣∣ ≥ ∣∣∣∣〈[fˆ , gˆ]
QPB
〉∣∣∣∣
3.2 Covariant dynamics, generalized Heisenberg equation, G-dynamics
In this section, we will briefly review the entire theoretical framework of quantum co-
variant Hamiltonian system defined by the quantum covariant Poisson bracket totally based
on the paper [15]. More precisely, the time covariant evolution of any observable fˆ in the
covariant dynamics is given by both the generalized Heisenberg equation of motion and
G-dynamics.
Theorem 2. [15] The covariant dynamics, the generalized Heisenberg equation, G-dynamics
can be formally formulated as
The covariant dynamics: Dfˆ
dt
= 1√−1~
[
fˆ , Hˆ
]
The generalized Heisenberg equation: dfˆ
dt
= 1√−1~
[
fˆ , Hˆ
]
QPB
− 1√−1~Hˆ
[
s, fˆ
]
QPB
G-dynamics: wˆ = 1√−1~
[
s, Hˆ
]
QPB
.
respectively, where D
dt
= d
dt
+ wˆ is covariant time operator, and Hˆ is the Hamiltonian and
[·, ·] denotes the GGC of two operators.
With the help of the structural function s or the environment variable, the QCPB is
well-defined for covariant quantum mechanics3.
covariant quantum mechanics
QCPB:
[
fˆ , gˆ
]
=
[
fˆ , gˆ
]
QPB
+G
(
s, fˆ , gˆ
)
, G
(
s, fˆ , gˆ
)
= fˆ [s, gˆ]QPB − gˆ
[
s, fˆ
]
QPB
GCC:
[∧
qi ,
∧
pj
]
=
√−1~Djqi, Di = ∂i + ∂is, ∂i = ∂∂qi .
Hamiltonian : Ĥ
CD: D
dt
qˆα =
1√−1~
[
qˆα, Hˆ
]
, D
dt
pˆα =
1√−1~
[
pˆα, Hˆ
]
GHE: ˙̂qα =
1√−1~
[
qˆα, Hˆ
]
QPB
, ˙̂pα =
1√−1~
([
pˆα, Hˆ
]
QPB
− Hˆ [s, p̂α]QPB
)
where
[
fˆ , gˆ
]
QPB
= fˆ gˆ − gˆfˆ is quantum Poisson brackets for operators.
Covariant dynamics, generalized Heisenberg equation, G-dynamics are strong evidences
to affirmatively say a fact that quantum mechanics is an incomplete theory. It strongly re-
minds of us that there exactly exists an undiscovered theory associated with the environment
3Notes: GCC: Geometric canonical commutation; CCHE: canonical covariant Hamilton equations; CD:
covariant dynamics; GHE: generalized Heisenberg equations; CTHE: Canonical thorough Hamilton equa-
tions.
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factor we still seek behind quantum mechanics, which can completely explain the evolution
behavior of all observable measurements of the physical system and it can naturally avoid
any uncertainty or randomness based on the covariant dynamics, in particular, the existence
of G-dynamics unquestionably supports this perspective.
3.3 Geomentum operator
Definition 5. Let M be a smooth manifold represented by structural function s, then geo-
mentum operator is defined as
pˆ = −√−1~D
where D = ∇+∇s. The component is pˆj = −
√−1~Dj in which Dj = ∂j + ∂js holds.
Note that the geomentum operator is a revision of the classical momentum operator.
Theorem 3 (Geometric canonical quantization rules). Geometric equal-time canonical com-
mutation relation is
[xˆi, pˆj ] =
√−1~Djxi
where [·, ·] = [·, ·]QPB +G (s, ·, ·) is QCPB.
Geometric canonical commutation relation can be expressed in a specific form
[xˆi, pˆj] =
√−1~
(
δij + xi
∂
∂xj
s
)
In other words, it also can be rewritten as [xi, pˆj] =
√−1~θij, where θij = δij + xi∂js. On
the basis of the geometric equal-time canonical commutation relation above, we can further
evaluate it.
∂k [xi, p̂j] =
√−1~ ∂
∂xk
(
δij + xi
∂s
∂xj
)
=
√−1~xi ∂
2s
∂xk∂xj
+
√−1~δik ∂s
∂xj
where δik =
∂
∂xk
xi. Accordingly, it yields
Dk [xi, p̂j] =
√−1~xiQkj +
√−1~
(
δik
∂s
∂xj
+ δijAk
)
(11)
=
√−1~
(
xiQkj + δik
∂s
∂xj
+ δijAk
)
where Qkj =
∂2s
∂xk∂xj
+ ∂s
∂xk
∂s
∂xj
can be seen as the second order curvature tensor. As we see, this
further derivation shows that the environment variable has abundant implication given to
be inevitable for the quantum mechanics, (11) is only associated with the structure function
s. For this reason, it can be regarded as a hidden variable undiscovered all the time until
the discovery of the QCPB.
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4 Geometric anticommutator (GAC) and anti-geomutator
Obviously, in some sense, the anticommutator also needs to be generalized as the com-
mutator does, Analogously, denote by {a, b}ir = ab+ ba the anticommutator,
Definition 6. The geometric anticommutator (GAC) of any two elements a and b is defined
by
{a, b} = {a, b}ir + Z (s, a, b)
where Z (s, a, b) = Z (s, b, a) is called anti-geomutator, s is geometric function.
As the definition above stated,
Definition 7. The anti-geomutator can be taken as
Z (s, a, b) = (a : s : b) + {a, b}irs
where (a : s : b) = asb+ bsa, and s is the geometric function created by the environment.
Note that in order to preserve the related property of the anticommutator, we always let
anti-geomutator Z (s, a, b) satisfiy the symmetry, namely,
Z (s, a, b) = Z (s, b, a)
As a result of the symmetry of anti-geomutator, geometric anticommutator then follows the
symmetry {a, b} = {b, a}. Actually, the anti-geomutator can be expressed in the form
Z (s, a, b) = a{s, b}ir + b{s, a}ir
= asb+ bsa + abs + bas
= (a : s : b) + {a, b}irs
As seen, this form is very similar to the quantum geometric bracket, this is why we need to
generalize the anticommutator.
4.1 The GGC and the GAC
In conclusions, the generalized geometric commutator (GGC) [15] and the geometric
anticommutator (GAC) can be listed as below
The GGC and the GAC:
[a, b] = [a, b]cr +G (s, a, b) ,
{a, b} = {a, b}ir + Z (s, a, b) ,
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Meanwhile, the geomutator [15] and anti-geomutator then follow
G (s, a, b) = a[s, b]cr − b[s, a]cr
Z (s, a, b) = a{s, b}ir + b{s, a}ir
or in the form
G (s, a, b) = 〈a : s : b〉 − [a, b]crs
Z (s, a, b) = (a : s : b) + {a, b}irs
In fact, by combining the GGC and the GAC, we have
{a, b}+ [a, b] = {a, b}ir + [a, b]cr + 2 (asb+ bas)
= 2 (ab+ asb+ bas)
and by the way, we have
{a, b} − [a, b] = {a, b}ir − [a, b]cr + 2 (bsa + abs)
= 2 (ba + bsa + abs)
When the a, b come to the operators Â, B̂ respectively, then{
Â, B̂
}
=
{
Â, B̂
}
ir
+
(
Â : s : B̂
)
+
{
Â, B̂
}
ir
s[
Â, B̂
]
=
[
Â, B̂
]
QPB
+
〈
Â : s : B̂
〉
−
[
Â, B̂
]
QPB
s
where
G
(
s, Â, B̂
)
=
〈
Â : s : B̂
〉
−
[
Â, B̂
]
QPB
s
Z
(
s, Â, B̂
)
=
(
Â : s : B̂
)
+
{
Â, B̂
}
ir
s
5 The revision of Schro¨dinger uncertainty relation
If the operators do not commute: [
Aˆ, Bˆ
]
QPB
ψ 6= 0
they can’t be prepared simultaneously to arbitrary precision, and there is an uncertainty
relation between the observables,
∆A∆B ≥
∣∣∣∣∣〈[Aˆ, Bˆ]QPB〉2
∣∣∣∣∣
even if ψ is an eigenfunction the above relation holds. Notable pairs are position and mo-
mentum, and energy and time-uncertainty relations, and the angular momenta (spin, orbital
and total) about any two orthogonal axes.
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All such nontrivial commutation relations for pairs of operators lead to corresponding
uncertainty relations, involving positive semi-definite expectation contributions by their re-
spective commutators and anticommutators. In general, for two Hermitian operators Aˆ
and Bˆ, consider expectation values in a system in the state ψ, the variances around the
corresponding expectation values being (∆A)2 =
〈(
Aˆ−
〈
Aˆ
〉)2〉
, etc.
Then
∆A∆B ≥ 1
2
√∣∣∣∣〈[Aˆ, Bˆ]
QPB
〉∣∣∣∣2 + ∣∣∣〈{Aˆ− 〈Aˆ〉, Bˆ − 〈Bˆ〉}
ir
〉∣∣∣2
where
[
Aˆ, Bˆ
]
QPB
= AˆBˆ − BˆAˆ is the commutator of Aˆ and Bˆ, and
{
Aˆ, Bˆ
}
ir
= AˆBˆ + BˆAˆ is
the anticommutator. This follows through use of the Cauchy-Schwarz inequality, since∣∣∣〈Aˆ2〉〈Bˆ2〉∣∣∣ ≥ ∣∣∣〈AˆBˆ〉∣∣∣2
and AˆBˆ =
([
Aˆ, Bˆ
]
QPB
+
{
Aˆ, Bˆ
}
ir
)
/2, and similarly for the shifted operators Aˆ −
〈
Aˆ
〉
and Bˆ −
〈
Bˆ
〉
. Substituting for Aˆ and Bˆ yield Heisenberg’s familiar uncertainty relation for
x and pˆ, as usual.
As quantum mechanics proven, there is a theorem for such uncertainty relation given by
Theorem 4. If Â, B̂, Ĉ, D̂ are real Hermite operators satisfying the following relation
√−1Ĉ =
[
Â, B̂
]
QPB
D̂ =
{
Â, B̂
}
ir
Then it has the following result
Â2 · B̂2 ≥ 1
4
[(
Ĉ
)2
+
(
D̂
)2]
Obviously, according to the new theories–the GGC and the GAC, the theorem 4 accord-
ingly needs to be revised to fit the quantum reality. On the foundation of these new theories,
we attempt to search a complete theory for the quantum mechanics, thusly, to begin with
the following logical derivation.
In this paper, we always assume that if for any Hermitian operator Aˆ that is not an angle
variable and Bˆ is not the derivative with respect to this variable. And the vector Bˆ |ψ〉 is
in the domain of the unbounded operator Aˆ in the most situations. Then based upon the
definition of variance, we have a definition for linear transformation given by
Definition 8 (Geometric operator). For Hermitian operator Aˆ, there exists a geometric
operator such that
Â(s) = Â+ I
(
Â, s
)
(12)
The second part I
(
Â, s
)
= Âs means that the observable Â interacts with the environment
s.
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Subsequently, the transformation of the mean error of mechanical quantity operator
∧
A
follows
∆Â = Â−
〈
Â
〉
→ ∆Â(s) = Â(s) −
〈
Â(s)
〉
= ∆Â+∆I
and let ∣∣f (s)〉 = ∣∣∣(Â(s) − 〈Â(s)〉)ψ〉 = ∣∣∣(∆Â(s))ψ〉
∣∣g(s)〉 = ∣∣∣(B̂(s) − 〈B̂(s)〉)ψ〉 = ∣∣∣(∆B̂(s))ψ〉
be given for derivations, and thus
Σ2A =
〈(
∆Â(s)
)
ψ
∣∣∣ (∆Â(s))ψ〉 = 〈(Â(s) − 〈Â(s)〉)ψ∣∣∣ (Â(s) − 〈Â(s)〉)ψ〉
Similarly, for any other Hermitian operator Bˆ in the same state,
Σ2B =
〈(
∆B̂(s)
)
ψ
∣∣∣ (∆B̂(s))ψ〉 = 〈(B̂(s) − 〈B̂(s)〉)ψ∣∣∣ (B̂(s) − 〈B̂(s)〉)ψ〉
As a consequence, we have
Σ2A =
〈
f (s)
∣∣ f (s)〉 , Σ2B = 〈g(s)∣∣ g(s)〉
The product of the two deviations can thus be expressed as
Σ2AΣ
2
B =
〈
f (s)
∣∣ f (s)〉 〈g(s)∣∣ g(s)〉 ≥ ∣∣〈f (s)∣∣ g(s)〉∣∣2
where we have used the Cauchy-Schwarz inequality.
∣∣〈f (s)∣∣ g(s)〉∣∣2 = (〈f (s)∣∣ g(s)〉 + 〈g(s)∣∣ f (s)〉
2
)2
+
(〈
f (s)
∣∣ g(s)〉− 〈g(s)∣∣ f (s)〉
2
√−1
)2
(13)
Since
〈
f (s)
∣∣ g(s)〉 is in general a complex number, the inner product 〈f (s)∣∣ g(s)〉 is written out
explicitly as 〈
f (s)
∣∣ g(s)〉 = 〈ψ| (∆Â(s))(∆B̂(s))ψ〉
= 〈ψ|
(
Â(s) −
〈
Â(s)
〉)(
B̂(s) −
〈
B̂(s)
〉)
ψ
〉
where (
Â(s) −
〈
Â(s)
〉)(
B̂(s) −
〈
B̂(s)
〉)
= Â(s)B̂(s) −
〈
Â(s)
〉
B̂(s) − Â(s)
〈
B̂(s)
〉
+
〈
Â(s)
〉〈
B̂(s)
〉
Then the specific calculation shows
〈ψ|
(
Â(s)B̂(s) −
〈
Â(s)
〉
B̂(s) − Â(s)
〈
B̂(s)
〉
+
〈
Â(s)
〉〈
B̂(s)
〉)
ψ
〉
23
G. WANG
= 〈ψ|
(
Â(s)B̂(s)
)
ψ
〉
− 〈ψ|
(〈
Â(s)
〉
B̂(s)
)
ψ
〉
− 〈ψ|
(
Â(s)
〈
B̂(s)
〉)
ψ
〉
+ 〈ψ|
(〈
Â(s)
〉〈
B̂(s)
〉)
ψ
〉
=
〈
Â(s)B̂(s)
〉
−
〈
Â(s)
〉〈
B̂(s)
〉
−
〈
Â(s)
〉〈
B̂(s)
〉
+
〈
Â(s)
〉〈
B̂(s)
〉
=
〈
Â(s)B̂(s)
〉
−
〈
Â(s)
〉〈
B̂(s)
〉
It follows 〈
f (s)
∣∣ g(s)〉 = 〈Â(s)B̂(s)〉− 〈Â(s)〉〈B̂(s)〉〈
g(s)
∣∣ f (s)〉 = 〈B̂(s)Â(s)〉− 〈Â(s)〉〈B̂(s)〉
Thus we have 〈
f (s)
∣∣ g(s)〉− 〈g(s)∣∣ f (s)〉 = 〈Â(s)B̂(s)〉− 〈B̂(s)Â(s)〉
=
〈
Â(s)B̂(s) − B̂(s)Â(s)
〉
More precisely, by plugging the (12) into above equation,
Â(s)B̂(s) = ÂB̂ + ÂsB̂ + ÂB̂s+ ÂsB̂s
B̂(s)Â(s) = B̂Â+ B̂sÂ + B̂Âs+ B̂sÂs
And it leads to
Â(s)B̂(s) − B̂(s)Â(s)
= ÂB̂ − B̂Â+ ÂsB̂ − B̂sÂ+ ÂB̂s− B̂Âs+ ÂsB̂s− B̂sÂs
=
[
Â, B̂
]
QPB
+
〈
Â : s : B̂
〉
+
[
Â, B̂
]
QPB
s
where
〈
Â : s : B̂
〉
= ÂsB̂ − B̂sÂ. By using the QCPB, it’s rewritten in the form[
Â(s), B̂(s)
]
QPB
=
[
Â, B̂
]
QPB
+
〈
Â : s : B̂
〉
−
[
Â, B̂
]
QPB
s+ 2
[
Â, B̂
]
QPB
s
=
[
Â, B̂
]
+ 2
[
Â, B̂
]
QPB
s
Thusly, the QCPB is reexpressed as[
Â, B̂
]
=
[
Â(s), B̂(s)
]
QPB
− 2
[
Â, B̂
]
QPB
s
As a result, we get
〈
f (s)
∣∣ g(s)〉− 〈g(s)∣∣ f (s)〉
2
√−1 =
〈[
Â, B̂
]
+ 2
[
Â, B̂
]
QPB
s
〉
2
√−1
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=
〈[
Â, B̂
]〉
2
√−1 +
〈[
Â, B̂
]
QPB
s
〉
√−1
Similarly, we have
Â(s)B̂(s) + B̂(s)Â(s)
= ÂB̂ + B̂Â+ ÂsB̂ + B̂sÂ+ ÂB̂s+ ÂsB̂s+ B̂Âs+ B̂sÂs
=
{
Â, B̂
}
ir
+
(
Â : s : B̂
)
+
{
Â, B̂
}
ir
s+ 2ÂsB̂s
where
(
Â : s : B̂
)
= ÂsB̂ + B̂sÂ. By using geometric anticommutator, we have{
Â(s), B̂(s)
}
ir
=
{
Â, B̂
}
+ 2ÂsB̂s
where the geometric anticommutator is{
Â, B̂
}
=
{
Â, B̂
}
ir
+
(
Â : s : B̂
)
+
{
Â, B̂
}
ir
s
and anti-geomutator is Z
(
s, Aˆ, Bˆ
)
=
(
Aˆ : s : Bˆ
)
+
{
Aˆ, Bˆ
}
ir
s, and thus, it has{
Â, B̂
}
=
{
Â(s), B̂(s)
}
ir
− 2ÂsB̂s
In another way, we have〈
f (s)
∣∣ g(s)〉+ 〈g(s)∣∣ f (s)〉 = 〈Â(s)B̂(s) + B̂(s)Â(s)〉− 2〈Â(s)〉〈B̂(s)〉
More precisely,〈
Â(s)
〉〈
B̂(s)
〉
=
〈
Â
〉〈
B̂
〉
+
〈
Âs
〉〈
B̂
〉
+
〈
Â
〉〈
B̂s
〉
+
〈
Âs
〉〈
B̂s
〉
As a result, it yields 〈{
Â(s), B̂(s)
}
ir
〉
− 2
〈
Â(s)
〉〈
B̂(s)
〉
=
〈{
Â, B̂
}〉
+ 2
(〈
ÂsB̂s
〉
−
〈
Â(s)
〉〈
B̂(s)
〉)
=
〈{
Â, B̂
}〉
− 2
〈
Â
〉〈
B̂
〉
+ 2J
(
s, Â, B̂
)
=
〈{
Â, B̂
}〉
+ 2
(
J
(
s, Â, B̂
)
−
〈
Â
〉〈
B̂
〉)
where
J
(
s, Â, B̂
)
=
〈
ÂsB̂s
〉
−
〈
Âs
〉〈
B̂s
〉
−
〈
Âs
〉〈
B̂
〉
−
〈
B̂s
〉〈
Â
〉
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If Âs, B̂s perform mutual independence, then
〈
ÂsB̂s
〉
=
〈
Âs
〉〈
B̂s
〉
holds, and
J
(
s, Â, B̂
)
= −
〈
Âs
〉〈
B̂
〉
−
〈
B̂s
〉〈
Â
〉
(14)
can be simplified as well. Thus, we obtain〈
f (s)
∣∣ g(s)〉+ 〈g(s)∣∣ f (s)〉
2
=
1
2
〈{
Â, B̂
}〉
+
(
J
(
s, Â, B̂
)
−
〈
Â
〉〈
B̂
〉)
Then the (13) is precisely written as
∣∣〈f (s)∣∣ g(s)〉∣∣2 = (1
2
〈{
Â, B̂
}〉
+
(
J
(
s, Â, B̂
)
−
〈
Â
〉〈
B̂
〉))2
+

〈[
Â, B̂
]〉
2
√−1 +
〈[
Â, B̂
]
QPB
s
〉
/
√−1
2
=
(
1
2
〈{
Â, B̂
}〉
+ θ
(
s, Â, B̂
))2
+

〈[
Â, B̂
]〉
2
√−1 + ϑ
(
s, Â, B̂
)2
where
θ
(
s, Â, B̂
)
= J
(
s, Â, B̂
)
−
〈
Â
〉〈
B̂
〉
,
ϑ
(
s, Â, B̂
)
=
〈[
Â, B̂
]
QPB
s
〉
/
√−1
or in the form
∣∣〈f (s)∣∣ g(s)〉∣∣ =
√√√√√(1
2
〈{
Â, B̂
}〉
+ θ
(
s, Â, B̂
))2
+

〈[
Â, B̂
]〉
2
√−1 + ϑ
(
s, Â, B̂
)2
The deviation of the operator Â can thus be specifically expressed as
Σ2A =
〈
f (s)
∣∣ f (s)〉 = 〈ψ| (∆Â(s))2ψ〉 = 〈ψ| (Â(s) − 〈Â(s)〉)2ψ〉
Further computation gives(
Â(s) −
〈
Â(s)
〉)2
= Â(s)2 −
〈
Â(s)
〉
Â(s) − Â(s)
〈
Â(s)
〉
+
〈
Â(s)
〉2
Then we have result for the variance of Â,
〈ψ|
((
Â(s) −
〈
Â(s)
〉)2)
ψ
〉
=
〈
Â(s)2
〉
−
〈
Â(s)
〉2
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where Â(s)2 = Â2 + ÂsÂ+ ÂÂs +
(
Âs
)2
. Thusly, it leads to the expectation values
〈
Â(s)
〉2
=
〈
Â
〉2
+ 2
〈
Â
〉〈
Âs
〉
+
〈
Âs
〉2
〈
Â(s)2
〉
=
〈
Â2
〉
+
〈
ÂsÂ
〉
+
〈
Â2s
〉
+
〈(
Âs
)2〉
Hence, it directly leads to the finally consequence,
Σ2A = 〈ψ|
((
Â(s) −
〈
Â(s)
〉)2)
ψ
〉
=
〈
Â(s)2
〉
−
〈
Â(s)
〉2
=
〈
Â2
〉
−
〈
Â
〉2
+ ρ (s, A)
where
ρ (s, A) =
〈
Â2s
〉
−
〈
Âs
〉2
+
〈
ÂsÂ
〉
− 2
〈
Â
〉〈
Âs
〉
+
〈(
Âs
)2〉
means that the observable Â interacts with the environment s. Sometimes, as an approxi-
mation if it’s allowed, we might have ρ (s, A) =
〈
Â2s
〉
−
〈
Â
〉〈
Âs
〉
. Similarly, for any other
Hermitian operator B̂ in the same state, we have
Σ2B =
〈
B̂2
〉
−
〈
B̂
〉2
+ ρ (s, B)
The product of the two deviations can thus be expressed as
Σ2AΣ
2
B =
(〈
Â2
〉
−
〈
Â
〉2
+ ρ (s, A)
)(〈
B̂2
〉
−
〈
B̂
〉2
+ ρ (s, B)
)
=
(
σ2A + ρ (s, A)
) (
σ2B + ρ (s, B)
)
= σ2Aσ
2
B + σ
2
Bρ (s, A) + σ
2
Aρ (s, B) + ρ (s, A) ρ (s, B)
where σ2A =
〈
Â2
〉
−
〈
Â
〉2
. Let’s do a computation,
Σ2AΣ
2
B −
∣∣〈f (s)∣∣ g(s)〉∣∣2
= σ2Aσ
2
B + σ
2
Bρ (s, A) + σ
2
Aρ (s, B) + ρ (s, A) ρ (s, B)
−
(
1
2
〈{
Â, B̂
}〉
+ θ
(
s, Â, B̂
))2
−

〈[
Â, B̂
]〉
2
√−1 + ϑ
(
s, Â, B̂
)2
In order to the classical effects, we technically separate the terms that contain the environ-
ment from the geometric anticommutator (GAC), then, we have
1
2
〈{
Â, B̂
}〉
+
(
J
(
s, Aˆ, Bˆ
)
−
〈
Â
〉〈
B̂
〉)
=
1
2
〈{
Â, B̂
}
ir
〉
−
〈
Â
〉〈
B̂
〉
+ α1
(
s, Â, B̂
)
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where we have used
α1
(
s, Â, B̂
)
= J
(
s, Â, B̂
)
+
1
2
〈(
Â : s : B̂
)〉
+
1
2
〈{
Â, B̂
}
ir
s
〉
Similarly, for the GGC, we also get〈[
Â, B̂
]〉
2
√−1 + ϑ
(
s, Â, B̂
)
=
〈[
Â, B̂
]
QPB
〉
/2
√−1 + α2
(
s, Â, B̂
)
by using
α2
(
s, Â, B̂
)
= ϑ
(
s, Â, B̂
)
+
〈〈
Â : s : B̂
〉
−
[
Â, B̂
]
QPB
s
〉
/2
√−1
In fact, by plugging the expression of the ϑ
(
s, Â, B̂
)
into above formula, then
α2
(
s, Â, B̂
)
=
〈[
Â, B̂
]
QPB
s +
〈
Â : s : B̂
〉〉
/2
√−1
As a consequence of above notations, we get
∣∣〈f (s)∣∣ g(s)〉∣∣2 = (1
2
〈{
Â, B̂
}
ir
〉
−
〈
Â
〉〈
B̂
〉
+ α1
(
s, Â, B̂
))2
(15)
+
(〈[
Â, B̂
]
QPB
〉
/2
√−1 + α2
(
s, Â, B̂
))2
As clearly seen from this expression, the environment exactly join the quantum process
that puts influences on the measurements. According to the join of the environment to
the quantum process, it’s convinced that this result of the subtraction equals zero which
corresponds to the case by taking the condition of the equal sign f (s)ψ = αg(s)ψ, there are
always the external interferences in there for this case, then we extra add a term to represent
this external interferences. Consequently, let
Σ2AΣ
2
B =
∣∣〈f (s)∣∣ g(s)〉∣∣2 + ǫ(s, Â, B̂) (16)
be given with ǫ
(
s, Â, B̂
)
≥ 0 that can be realized as the external disturbance to the envi-
ronment s and observables Â, B̂, where ǫ
(
s, Â, B̂
)
= 0 corresponds to the condition of the
equal sign. Conversely, the external disturbance can be given by
ǫ
(
s, Â, B̂
)
= Σ2AΣ
2
B −
∣∣〈f (s)∣∣ g(s)〉∣∣2
We let
Θ
(
s, Â, B̂
)
= σ2Bρ (s, A) + σ
2
Aρ (s, B) + ρ (s, A) ρ (s, B)
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be used to represent the observables Â and B̂ interact with the environment s, it means
the environment bonds with the observables Â and B̂, in this way, it’s natural to get the
observables and environment entangled. Meanwhile, we obtain
Σ2AΣ
2
B = σ
2
Aσ
2
B +Θ
(
s, Â, B̂
)
Thusly, we have
σ2Aσ
2
B +Θ
(
s, Aˆ, Bˆ
)
=

〈{
Â, B̂
}〉
2
+ θ
(
s, Â, B̂
)2
+

〈[
Â, B̂
]〉
2
√−1 + ϑ
(
s, Â, B̂
)2 + ǫ(s, Â, B̂)
where
[
Â, B̂
]
and
{
Â, B̂
}
are respectively the GGC and the GAC in terms of operators
Â, B̂. Furthermore, let
Ξ
(
s, Â, B̂
)
=

〈{
Â, B̂
}〉
2
+ θ
(
s, Â, B̂
)2 +

〈[
Â, B̂
]〉
2
√−1 + ϑ
(
s, Â, B̂
)2
then Σ2AΣ
2
B = Ξ
(
s, Â, B̂
)
+ ǫ
(
s, Â, B̂
)
, or more specifically,
σ2Aσ
2
B + σ
2
Bρ (s, A) + σ
2
Aρ (s, B) + ρ (s, A) ρ (s, B) = Ξ
(
s, Aˆ, Bˆ
)
+ ǫ
(
s, Â, B̂
)
and
ǫ
(
s, Â, B̂
)
= σ2Aσ
2
B + σ
2
Bρ (s, A) + σ
2
Aρ (s, B) + ρ (s, A) ρ (s, B)− Ξ
(
s, Aˆ, Bˆ
)
Thusly, we obtain the inequality
σ2Aσ
2
B + σ
2
Bρ (s, A) + σ
2
Aρ (s, B)
+ ρ (s, A) ρ (s, B) ≥

〈[
Â, B̂
]〉
2
√−1 + ϑ
(
s, Â, B̂
)2
or in an equivalent simple expression
σ2Aσ
2
B +Θ
(
s, Â, B̂
)
≥

〈[
Â, B̂
]〉
2
√−1 + ϑ
(
s, Â, B̂
)2 (17)
In particular, as we obtained,
Σ2AΣ
2
B = σ
2
Aσ
2
B +Θ
(
s, Â, B̂
)
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we can use it to study the expression for classical result (16). And we can always write (15)
as ∣∣〈f (s)∣∣ g(s)〉∣∣2 = (N1 (Â, B̂)+ α1 (s, Â, B̂))2 + (N2 (Â, B̂)+ α2 (s, Â, B̂))2
= N1
2
(
Â, B̂
)
+N2
2
(
Â, B̂
)
+N3
(
s, Â, B̂
)
by using (5). According to (6), we get
Σ2AΣ
2
B −
∣∣〈f (s)∣∣ g(s)〉∣∣2 = σ2Aσ2B −N12 (Â, B̂)−N22 (Â, B̂)
+Θ
(
s, Â, B̂
)
−N3
(
s, Â, B̂
)
= δ (f, g) + Θ
(
s, Â, B̂
)
−N3
(
s, Â, B̂
)
Therefore, we obtain the expression of the external interferences
ǫ
(
s, Â, B̂
)
= δ (f, g) + Θ
(
s, Â, B̂
)
−N3
(
s, Â, B̂
)
Conversely, it leads to the expression for (6)
δ (f, g) = N3
(
s, Â, B̂
)
+ ǫ
(
s, Â, B̂
)
−Θ
(
s, Â, B̂
)
and furthermore, their relation can be given by
δ (f, g)− ǫ
(
s, Aˆ, Bˆ
)
= N3
(
s, Aˆ, Bˆ
)
−Θ
(
s, Aˆ, Bˆ
)
Imagine that if Σ2AΣ
2
B −
∣∣〈f (s)∣∣ g(s)〉∣∣2 = 0 holds, then based on (16), it has ǫ(s, Aˆ, Bˆ) = 0
given for
δ (f, g) = N3
(
s, Aˆ, Bˆ
)
−Θ
(
s, Aˆ, Bˆ
)
It nicely states that the classical result of uncertainty Schro¨dinger relations can be improved
in a certainty equality on this imagination, in fact, it’s one of cases for real situation. Such
hypothesis gives rise to the consequence for (16)
σ2Aσ
2
B +Θ
(
s, Aˆ, Bˆ
)
− |〈f | g〉|2 = N3
(
s, Aˆ, Bˆ
)
In this way, we can actually derive a specific formula for the (6), therefore, it implies that
the QCPB is a certain reality for the quantum mechanics.
5.1 The case of the means vanished
This section will discuss a special case that the means vanishes, it’s been discussed a lot
in quantum mechanics. Without loss of generality, we will assume that the means vanish,
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〈
Â
〉
=
〈
B̂
〉
= 0, which just amounts to a shift of the origin of our coordinates, then
σ2A =
〈
Â2
〉
, σ2B =
〈
B̂2
〉
, thusly, then,
θ
(
s, Aˆ, Bˆ
)
= J
(
s, Aˆ, Bˆ
)
=
〈
AˆsBˆs
〉
−
〈
Aˆs
〉〈
Bˆs
〉
If we consider the (14), then θ
(
s, Aˆ, Bˆ
)
= J (s, A,B) = 0 emerges.
ρ (s, A) =
〈
Â2s
〉
−
〈
Âs
〉2
+
〈
ÂsÂ
〉
+
〈(
Âs
)2〉
Σ2A =
〈
Â2
〉
+ ρ (s, A)
and
Θ
(
s, Â, B̂
)
= σ2Bρ (s, A) + σ
2
Aρ (s, B) + ρ (s, A) ρ (s, B)
Accordingly, we have
Ξ
(
s, Aˆ, Bˆ
)
=
(
1
2
〈{
Â, B̂
}〉
+ J
(
s, Aˆ, Bˆ
))2
+

〈[
Â, B̂
]〉
2
√−1 + ϑ
(
s, Â, B̂
)2
or the form ∣∣〈f (s)∣∣ g(s)〉∣∣2 = (1
2
〈{
Â, B̂
}
ir
〉
+ α1
(
s, Â, B̂
))2
+
(〈[
Â, B̂
]
QPB
〉
/2
√−1 + α2
(
s, Â, B̂
))2
Then
σ2Aσ
2
B +Θ
(
s, Â, B̂
)
= Ξ
(
s, Â, B̂
)
+ ǫ
(
s, Â, B̂
)
In order to better understand the formula easily and simply, we let
Γpo
(
s, Aˆ, Bˆ
)
=
〈{
Aˆ, Bˆ
}〉
2
+ θ
(
s, Aˆ, Bˆ
)
Γne
(
s, Aˆ, Bˆ
)
=
〈[
Aˆ, Bˆ
]〉
2
√−1 + ϑ
(
s, Aˆ, Bˆ
)
By this notation, we get
Ξ
(
s, Aˆ, Bˆ
)
= Γ2po
(
s, Aˆ, Bˆ
)
+ Γ2ne
(
s, Aˆ, Bˆ
)
≥ Γ2ne
(
s, Aˆ, Bˆ
)
31
G. WANG
Thusly, it leads to the expression
σ2Aσ
2
B + Θ
(
s, Aˆ, Bˆ
)
= Γ2po
(
s, Aˆ, Bˆ
)
+ Γ2ne
(
s, Aˆ, Bˆ
)
+ ǫ
(
s, Aˆ, Bˆ
)
The geometric revision of Schro¨dinger uncertainty relation is
σ2Aσ
2
B + Θ
(
s, Aˆ, Bˆ
)
= Γ2po
(
s, Aˆ, Bˆ
)
+ Γ2ne
(
s, Aˆ, Bˆ
)
in the case of ǫ
(
s, Aˆ, Bˆ
)
= 0. A more stronger version accordingly is
σ2Aσ
2
B + Θ
(
s, Aˆ, Bˆ
)
≥ Γ2ne
(
s, Aˆ, Bˆ
)
In other words, it just leads to the inequality under this case
σAσB =
√
Γ2po
(
s, Aˆ, Bˆ
)
+ Γ2ne
(
s, Aˆ, Bˆ
)
−Θ
(
s, Aˆ, Bˆ
)
≥
√
Γ2ne
(
s, Aˆ, Bˆ
)
−Θ
(
s, Aˆ, Bˆ
)
It’s obvious to see that the inequality comes from the equality. In fact, we insist on discussing
such known inequalities issue on a certainty relation, in other words, a surely equality can
bring about this uncertainty changes. There are a couple of factors that give rise to these
inequalities problem, but the main cause is only the environment.
6 The QPB and the QCPB
In this section, we reconsider the uncertainty relation and give an full equality inter-
pretation of such uncertainty relation based on the QCPB [15]. As stated, the QCPB is a
covariant form which links to the environment represented by the structure function. For this
strong reason, it means that uncertainty relation can be further developed to be a certainty
identity. The QCPB implies that it is in general possible to predict the value of a quantity
with arbitrary certainty, even if all initial conditions are specified.
To start with a difference calculation between the QCPB and the QPB,∣∣∣∣∣∣∣
[
fˆ , gˆ
]
2
√−1
∣∣∣∣∣∣∣−
∣∣∣∣∣∣∣∣
[
fˆ , gˆ
]
QPB
2
√−1
∣∣∣∣∣∣∣∣ =
1
2
(∣∣∣∣[fˆ , gˆ]∣∣∣∣− ∣∣∣∣[fˆ , gˆ]
QPB
∣∣∣∣)
=
1
2
(∣∣∣∣[fˆ , gˆ]
QPB
+G
(
s, fˆ , gˆ
)∣∣∣∣− ∣∣∣∣[fˆ , gˆ]
QPB
∣∣∣∣)
=
1
2
(∣∣∣∣[fˆ , gˆ]
QPB
+ fˆ [s, gˆ]QPB − gˆ
[
s, fˆ
]
QPB
∣∣∣∣− ∣∣∣∣[fˆ , gˆ]
QPB
∣∣∣∣)
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Applying the inequality to above computation, and it yields∣∣∣∣[fˆ , gˆ]
QPB
+G
(
s, fˆ , gˆ
)∣∣∣∣− ∣∣∣∣[fˆ , gˆ]
QPB
∣∣∣∣ ≤ ∣∣∣∣G(s, fˆ , gˆ)∣∣∣∣
Obviously, we can see that there appears upper bound of differnce which implies an existence
of certainty identity as a correction of the uncertainty relation. As a result, we obtain such
appears upper ∣∣∣∣∣∣∣
[
fˆ , gˆ
]
2
√−1
∣∣∣∣∣∣∣−
∣∣∣∣∣∣∣∣
[
fˆ , gˆ
]
QPB
2
√−1
∣∣∣∣∣∣∣∣ ≤
1
2
∣∣∣∣G(s, fˆ , gˆ)∣∣∣∣
Furthermore, it reveals that∣∣∣∣∣∣∣
[
fˆ , gˆ
]
2
√−1
∣∣∣∣∣∣∣ ≤
∣∣∣∣∣∣∣∣
[
fˆ , gˆ
]
QPB
2
√−1
∣∣∣∣∣∣∣∣ +
1
2
∣∣∣∣G(s, fˆ , gˆ)∣∣∣∣ = 12
∣∣∣∣[fˆ , gˆ]
QPB
∣∣∣∣+ 12
∣∣∣∣G(s, fˆ , gˆ)∣∣∣∣
Actually, it states the inequality of the expectation value of the QCPB∣∣∣∣[fˆ , gˆ]∣∣∣∣ = ∣∣∣∣[fˆ , gˆ]
QPB
+G
(
s, fˆ , gˆ
)∣∣∣∣ ≤ ∣∣∣∣[fˆ , gˆ]
QPB
∣∣∣∣+ ∣∣∣∣G(s, fˆ , gˆ)∣∣∣∣
Meanwhile, absolute value of the expectation value of the quantum geometric bracket also
has a restriction expressed as∣∣∣∣G(s, fˆ , gˆ)∣∣∣∣ ≤ ∣∣∣fˆ [s, gˆ]QPB∣∣∣+ ∣∣∣∣gˆ[s, fˆ]
QPB
∣∣∣∣
Accordingly, ∣∣∣∣[fˆ , gˆ]∣∣∣∣ ≤ ∣∣∣∣gˆ[s, fˆ]
QPB
∣∣∣∣+ ∣∣∣fˆ [s, gˆ]QPB∣∣∣+ ∣∣∣∣[fˆ , gˆ]
QPB
∣∣∣∣
As (1) shown, imagine what if we mechanically copy the form and rewrite the uncertainty
relation as
∆f ·∆g ≥
∣∣∣∣∣∣∣
[
fˆ , gˆ
]
2
√−1
∣∣∣∣∣∣∣
Namely, the QPB is replaced by QCPB, then we get∣∣∣∣∣∣∣
[
fˆ , gˆ
]
2
√−1
∣∣∣∣∣∣∣ ≤ ∆f ·∆g (18)∣∣∣∣∣∣∣
[
fˆ , gˆ
]
2
√−1
∣∣∣∣∣∣∣ ≤
1
2
∣∣∣∣[fˆ , gˆ]
QPB
∣∣∣∣+ 12
∣∣∣∣G(s, fˆ , gˆ)∣∣∣∣
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This comparison reveals that there is still surely an ambiguity in formulation, hence, it turns
out that uncertainty relation need to be revised, in other words, according to (18), it strongly
implies that uncertainty relation is an approximate incomplete quantum theory. One thing
we can ascertain is that all the QPB should be surely replaced by the complete theory–the
QCPB theory. It means that
〈ψ|
[
Aˆ, Bˆ
]
QPB
|ψ〉 → 〈ψ|
[
Aˆ, Bˆ
]
|ψ〉 = 〈ψ|
[
Aˆ, Bˆ
]
QPB
+G
(
s, Aˆ, Bˆ
)
|ψ〉
for certain. Clearly, the inequality is just a representation of the quantum geometric certainty
identity. More precisely, the QCPB in terms of operators fˆ and gˆ can show more details∣∣∣∣∣∣∣
[
fˆ , gˆ
]
2
√−1
∣∣∣∣∣∣∣ =
∣∣∣∣∣∣∣∣
[
fˆ , gˆ
]
QPB
+G
(
s, fˆ , gˆ
)
2
√−1
∣∣∣∣∣∣∣∣ =
1
2
∣∣∣∣[fˆ , gˆ]
QPB
+G
(
s, fˆ , gˆ
)∣∣∣∣
=
∣∣∣∣∣∣∣∣
[
fˆ , gˆ
]
QPB
+ fˆ [s, gˆ]QPB − gˆ
[
s, fˆ
]
QPB
2
√−1
∣∣∣∣∣∣∣∣
=
∣∣∣∣[fˆ , gˆ]
QPB
+ fˆ [s, gˆ]QPB − gˆ
[
s, fˆ
]
QPB
∣∣∣∣ /2
where s is the environment variable. Absolutely, the quantum geometric bracket
G
(
s, fˆ , gˆ
)
= fˆ [s, gˆ]QPB − gˆ
[
s, fˆ
]
QPB
can be interpreted as the intrinsic interaction with the environment, it is precisely because
of this that uncertainty occurs. It needs to stress that the structure function s represents
the environment, it seems to the environment joins the measurement that is inevitable, all
quantum process occur to this background.
More precisely, the more details about the QCPB need to say clearly, there has a lower
limiting value for it given by
1
2
∣∣∣∣[fˆ , gˆ]
QPB
∣∣∣∣− 12
∣∣∣∣G(s, fˆ , gˆ)∣∣∣∣ ≤ 12
∣∣∣∣[fˆ , gˆ]∣∣∣∣ (19)
By analyzing the (19), we can see that classical result (1) remains without considering the
quantum geometric bracket.
7 Quantum geomertainty relation (QGR) and quantu-
metric function
In this section, we try to construct a new theory containing these elements of physical
reality based on the existence of such hidden elements of reality in the QGB, this may
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be a natural resolution of the EPR paradox that will have important implications for the
reinterpretation of quantum mechanics.
Note that the QCPB does not covariant commute in terms of the operators fˆ , gˆ which
means
[
fˆ , gˆ
]
6= 0, more precisely, it says that inequality
[
fˆ , gˆ
]
QPB
+G
(
s, fˆ , gˆ
)
6= 0 holds.
7.1 Quantumetric function
We propose such a geometric condition can be consistently obtained as a complete quan-
tum theory of a solvable proposal. Without loss of generality, we abstractly give the most
general form of quantum geomertainty relation (QGR)
Theorem 5 (Quantum Geomertainty Relation (QGR)). The standard deviation for the
operator Aˆ, Bˆ satisfies the QCPB that does not covariant commute and then the quantum
geomertainty relation (QGR) is
σAσB = ̟
(
s, Aˆ, Bˆ
)
where s is the environment variable, ̟ = ̟
(
s, Aˆ, Bˆ
)
is quantumetric function. The vari-
ance form is σ2Aσ
2
B = ℘
(
s, Aˆ, Bˆ
)
, then ℘
(
s, Aˆ, Bˆ
)
= ̟2
(
s, Aˆ, Bˆ
)
.
Note that this abstract form is for a real reality, ̟
(
s, Aˆ, Bˆ
)
and ℘
(
s, Aˆ, Bˆ
)
are real
functions, obviously, as we see, the environment variable s has joined the quantum process,
and then it forms a complete system. The precise formula of the ̟
(
s, Aˆ, Bˆ
)
or ℘
(
s, Aˆ, Bˆ
)
needs to seek to fit the physical truth, especially, to be compatible with the physical facts
and experiments data are the factors to check a theory that is right or not. Meanwhile,
we’re positively convinced that quantumetric function is a certain formula which contains
the GGC and the GAC. Surely, the quantumetric function induce a related inequality in
generally, in other words, there exists an inequality based on the quantumetric function for
general case. Based on the derivation of the geometric Schro¨dinger uncertainty relation, we
have adequate reasons to say that the inequality is just an approximate representation for
the measurements of observables, contrarily, it is convinced that the quantumetric function
truly holds for a complete description for a new quantum mechanics and derives relevant
inequality.
The quantum geomertainty relation (QGR) above also can be denoted as
∆A ·∆B = ̟
(
s, Â, B̂
)
As depicted, the concrete formula of the quantumetric function ̟ = ̟
(
s, Â, B̂
)
is deter-
mined by obeying the experiment data and theoretic foundation. Note that for the quantum
geomertainty relation (QGR), inspired by the QCPB and the GAC, we may decompose it
to the two terms,
̟
(
s, Â, B̂
)
= ̟p
(
Â, B̂
)
+̟e
(
s, Â, B̂
)
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The first term̟p
(
Â, B̂
)
means the pure result from the both operators, the latter̟e
(
s, Â, B̂
)
means the entangled term, exactly, the operators get entangled with the environment.
∆A ·∆B = ̟p
(
Â, B̂
)
+̟e
(
s, Â, B̂
)
(20)
Similarly, the same operation goes for the square form,
(∆A)2 · (∆B)2 = ℘
(
s, Â, B̂
)
= ℘p
(
Â, B̂
)
+ ℘e
(
s, Â, B̂
)
Note that the theorem 5 indicates a fact always exists that the environment still interacts
with the observables, the uncertainty actually comes from the ignorance of the environment,
conversely, it says that a complete theory of quantum mechanics about the aspect of the
measurement links to the environment, the abstract equality expressed by the theorem 5
can well explain this problem. As a result of the theorem 5, we can see that the equality
(20) is expressed by two terms, all previous theories about the uncertainty relation only
relates to the first term ̟p
(
Â, B̂
)
, but now, we discover the complete commutator and
anti-commutator, this further development for the commutator and anti-commutator has
naturally contained the environment, and then it potentially forms a complete theory to
explain more secrets about the quantum world.
7.2 One formula of QGR
In favour of the quantum geomertainty relation (QGR) is the rigorous result for the
quantum mechanics. The concrete expression for the QGR is unknown, but we can refer
to the derivation previously. We will consider one case of QGR related to the revision of
Schro¨dinger uncertainty relation. To relate the uncertainty of the quantum mechanics with
the environment of a variable in a space. This is a very good interpretation for understanding
how quantum realm works actually.
There will have theoretical and experimental test, evidences in support of this new equal-
ity based on the quantum geomertainty relation (QGR).
Theorem 6. The variance for the operator Aˆ, Bˆ satisfies
σ2Aσ
2
B +Θ
(
s, Â, B̂
)
= Ξ
(
s, Â, B̂
)
+ ǫ
(
s, Aˆ, Bˆ
)
where ǫ
(
s, Â, B̂
)
≥ 0.
Note that ǫ
(
s, Â, B̂
)
≥ 0 appeared above (16) is a term to show the external disturbance,
conversely, the external disturbance can be expressed as
ǫ
(
s, Â, B̂
)
= σ2Aσ
2
B +Θ
(
s, Â, B̂
)
− Ξ
(
s, Â, B̂
)
In theory, due to the precise formula given by the right σ2Aσ
2
B+Θ
(
s, Â, B̂
)
−Ξ
(
s, Â, B̂
)
, the
external disturbance ǫ
(
s, Â, B̂
)
can be calculated, basically. In a peculia state, this term
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becomes zero, that is ǫ
(
s, Â, B̂
)
= 0. In all complete cases, we add this external disturbance
to equation
℘
(
s, Aˆ, Bˆ
)
= Ξ
(
s, Â, B̂
)
−Θ
(
s, Â, B̂
)
+ ǫ
(
s, Aˆ, Bˆ
)
where
Θ
(
s, Â, B̂
)
= σ2Bρ (s, A) + σ
2
Aρ (s, B) + ρ (s, A) ρ (s, B)
The quantum geomertainty relation (QGR) above in general can be written as
σAσB =
√
Ξ
(
s, Â, B̂
)
−Θ
(
s, Â, B̂
)
+ ǫ
(
s, Â, B̂
)
As stated, the theorem 6 says that certain mode for two observables can be measured with
certainty in a general state, once we can seek the proper environment variable s to calculate
it.
Assume that if for any Hermitian operator Aˆ that is not an angle variable and Bˆ is
not the derivative with respect to this variable. Then the Robertson uncertainty relation is
generally formulated as the relation
σ(A,ψ)σ(B,ψ) ≥ |〈ψ|[Aˆ, Bˆ]QPB|ψ〉|
2
for any observables Aˆ, Bˆ and any state ψ. As our further result shows, it has deeply inter-
pretation given by
σAσB ≥
√
Γ2ne
(
s, Aˆ, Bˆ
)
−Θ
(
s, Aˆ, Bˆ
)
where Γne
(
s, Aˆ, Bˆ
)
=
〈[Aˆ,Bˆ]〉
2
√−1 + ϑ
(
s, Aˆ, Bˆ
)
, and the QCPB is
[
Â, B̂
]
=
[
Â, B̂
]
QPB
+
G
(
s, Â, B̂
)
, it implies that the Robertson uncertainty relation is a very narrow explanation.
As Heisenberg emphasized, the non-commutativity implies the uncertainty principle,
Heisenberg showed that the QPB defined by commutation relation implies an uncertainty.
Now, the QPB has been completely replaced by the QCPB, it leads to a further complete
theory. Modern studies generally agree that the uncertainty is caused by the environment.
Due to the QCPB as a further development of the QPB, as a result of the environment
variable s emerges naturally, hence, we would think of a complete expression for such in-
tentions to explain exactly how this happens in quantum mechanics. Up to now, we will
see that the QCPB defined by generalized geometric commutation relation as an applica-
tion provided a clear physical covariant interpretation for such uncertainty and its origin in
quantum methods.
Quantum geomertainty relation (QGR) in terms of Aˆ and Bˆ in a general state is given
by
σ (A) σ (B) =
√
Ξ
(
s, Aˆ, Bˆ
)
−Θ
(
s, Aˆ, Bˆ
)
+ ǫ
(
s, Aˆ, Bˆ
)
where s is the environment variable given by the structure of the space or environment.
Similarly, the same procedure goes for Robertson uncertainty relation in terms of x and pˆ
ϑ (x)ϑ (p) =
√
Ξ (s, xˆ, pˆ)−Θ (s, xˆ, pˆ) + ǫ (s, xˆ, pˆ)
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where ϑ can be ∆ or σ. We positively answer that the existence of indeterminacy for some
measurements are rightly caused by the environment that can be certainly expressed in a
quantitative form by quantum geomertainty relation.
Clearly, we can verify that there always exists geometric variables to derive the un-
certainty relation which should be replaced by a quantum identical equation. Quantum
geomertainty relation as a quantum geometric certainty equality can well explain the out-
come of each measurement with certainty. In this way, we eliminate some ambiguities in
formulation.
Theorem 7 (Quantum geomertainty relation (QGR)). The standard deviation between the
quantum operator fˆ , gˆ for a state satisfies
∆f ·∆g =
√
Ξ
(
s, fˆ , gˆ
)
−Θ
(
s, fˆ , gˆ
)
+ ǫ
(
s, fˆ , gˆ
)
where s is the environment variable.
More specifically,
σfσg = ̟
(
s, fˆ , gˆ
)
=
√
℘
(
s, fˆ , gˆ
)
=
√
Ξ
(
s, fˆ , gˆ
)
−Θ
(
s, fˆ , gˆ
)
+ ǫ
(
s, fˆ , gˆ
)
=
√√√√√
〈{
fˆ , gˆ
}〉
2
+ θ
(
s, fˆ , gˆ
)2 +

〈[
fˆ , gˆ
]〉
2
√−1 + ϑ
(
s, fˆ , gˆ
)2 −Θ(s, fˆ , gˆ)+ ǫ(s, fˆ , gˆ)
=
√
Γ2po
(
s, fˆ , gˆ
)
+ Γ2ne
(
s, fˆ , gˆ
)
−Θ
(
s, fˆ , gˆ
)
+ ǫ
(
s, fˆ , gˆ
)
Obviously, the equality
∆f ·∆g = ̟
(
s, fˆ , gˆ
)
=
√
℘
(
s, fˆ , gˆ
)
is equivalent to the following two inequalities together
∆f ·∆g ≥ ̟
(
s, fˆ , gˆ
)
, ∆f ·∆g ≤ ̟
(
s, fˆ , gˆ
)
It is clear to see that it’s compatible to include one of extensive form, and simultaneously
appear another inequality about upper bound. It’s obvious to see that the quantum ge-
omertainty relation (QGR) directly explains how the environment has the influences on the
measurement, in other words, the uncertainty relation theories and its developments can not
do this.
Remark 1. Note that the quantum geometric bracket which primarily represent the intrinsic
interaction between the observables and the environment variable or just environment.
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The quantum geomertainty relation (QGR) can be generally rewritten as
̟
(
s, fˆ , gˆ
)
= σfσg =
√
Ξ
(
s, fˆ , gˆ
)
−Θ
(
s, fˆ , gˆ
)
+ ǫ
(
s, fˆ , gˆ
)
Talking about the QGR which leads to the equality
σf = ̟
(
s, fˆ , gˆ
)
/σg =
√
℘
(
s, fˆ , gˆ
)
/σg
=
√
℘
(
s, fˆ , gˆ
)
/σ2g
If fˆ = x, gˆ = pˆ are taken, then it states that the more precisely the position of some particle
is determined, the more precisely its momentum can be known, but the environment variable
s is the key to all such measurements.
From above derivations, it evidently implies that the measurement with uncertainty di-
rectly comes from the quantum geometric bracket which mainly describes the interaction
between the observables and the environment variable or just environment.
7.3 The generalized variance and geometric operator
Let’s always suppose that the Hermitian operator Aˆ is not an angle variable and Bˆ is not
the derivative in terms of this angle variable in this paper. And the Bˆψ is in the domain of
the unbounded operator Aˆ in the most situations. To start with the (12) in another form.
Definition 9 (Geoperator). Let X̂ be a Hermitian operator, then geoperator 4 can be defined
as
X̂(s) = X̂ + u
where u = X̂s = I
(
X̂, s
)
is coupling interaction between the observable X̂ and the environ-
ment s.
Obviously, the geometric operator is a extension of the Hermitian operator. Note that
the interaction term u = X̂s = I
(
X̂, s
)
6= 0 actually is a precise function with respect to the
spacetime, as we state, the structure function s generated by the space or manifolds as an
environment variable only associate with the space or the manifolds, and it’s independent to
the wave function. Now, when we add the environment into the quantum system, then it’s a
complete system, the standard deviation between the operators in a state becomes certainty
and complete equality. As a result, the quantum geomertainty relation (QGR) accordingly
emerges.
Definition 10. For a given wave function ψ, then geometric equilibrium equation
X̂(s)ψ = X̂ψ + uψ = 0
and the two form is
X̂(s)2ψ = X̂2ψ + uX̂ψ + X̂ (uψ) + u2ψ
4Geoperator: geometric operator
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In fact, if X̂ is a first derivative operator, then
X̂ (uψ) = uX̂ψ + ψX̂u
Accordingly,
X̂(s)2ψ = X̂2ψ + uX̂ψ + X̂ (uψ) + u2ψ
= X̂2ψ + 2uX̂ψ + ψ
(
X̂u+ u2
)
Actually, the generalized variance Σ2X in terms of the Hermitian operator X̂ is a complete
formula
Σ2X = X
2 + u2 + Xˆu+ uXˆ −X2 − u2 − 2u¯X¯
= X2 + u2 +Xu+ uX −
(
X
2
+ u2 + 2u¯X¯
)
= (X + u)2 − (X + u)2
= X(s)
2 −X(s)2
for the reality in quantum mechanics.
∆X̂(s)∆Ŷ (s) =
1
2
[
∆X̂(s),∆Ŷ (s)
]
QPB
+
1
2
{
∆X̂(s),∆Ŷ (s)
}
ir
By using the generalized variance Σ2X =
(
∆X(s)
)2
=
(
∆X̂(s)
)2
. The geometric Cauchy-
Schwarz inequality is
Σ2XΣ
2
Y ≡
(
∆X̂(s)
)2 (
∆Ŷ (s)
)2
≥
∣∣∣∆X̂(s)∆Ŷ (s)∣∣∣2
Therefore, we certainly have
Σ2XΣ
2
Y = Ξ
(
s, X̂, Ŷ
)
+ ǫ
(
s, X̂, Ŷ
)
where ǫ
(
s, X̂, Ŷ
)
≥ 0, and Ξ
(
s, X̂, Ŷ
)
=
∣∣∣∆X̂(s)∆Ŷ (s)∣∣∣2 has been used. Then according to
geometric Cauchy-Schwarz inequality, the equal sign condition is taken
Σ2XΣ
2
Y =
(
X(s)
2 −X(s)2
)(
Y (s)
2 − Y (s)2
)
=
∣∣∣∆X̂(s)∆Ŷ (s)∣∣∣2 (21)
=
∣∣∣∣12{∆X̂(s),∆Ŷ (s)}ir +√−1[∆X̂(s),∆Ŷ (s)]QPB/2√−1
∣∣∣∣2
if there exists r such that ∆Xˆ(s)ψ = r∆Yˆ (s)ψ for wave function ψ, on this case of equal sign,
let Ẑ(s) = Xˆ(s) − rYˆ (s) be given, for the equal sign condition ∆Xˆ(s) = r∆Yˆ (s), it gets
Ẑ(s)ψ = Ẑ(s)ψ
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This is an eigenvalue equation. We let Ẑ = Xˆ− rYˆ be denoted, as a result, there has Ẑ(s) =
Ẑ + Ẑs, then Ẑ(s)ψ = Ẑψ + ψẐs =
(
Z + Zs
)
ψ. In another way, if we let Xˆ(s)ψ = rYˆ (s)ψ
which corresponds to the vanishing mean Ẑ(s)ψ = 0, then we have
Xˆψ + uψ = rYˆ ψ + rvψ
then the equal sign condition can be given by Ẑ(s)ψ = 0, then Z¯ψ+ψZs = 0 follows. Actually,
the condition on vanishing mean Xˆ(s)ψ = rYˆ (s)ψ is formally written as Xˆ(s) = rYˆ (s). More
precisely, in this the equal sign condition, we naturally obtain an equality (21). If we let
a = X̂ + u, b = Ŷ + v, where u = X̂s, v = Ŷ s, then(
a2 − a2
)(
b2 − b2
)
= a2b2 − a2b2 − a2b2 + a2b2
∣∣(a− a) (b− b)∣∣2 = ∣∣ab− ab− ab+ ab∣∣2
The square of module follows
∣∣(a− a) (b− b)∣∣2 = ([(a− a) , (b− b)]cr
2
√−1
)2
+
(
1
2
{
(a− a) , (b− b)}
ir
)2
Hence, there is an equality given by(
a2 − a2
)(
b2 − b2
)
=
∣∣(a− a) (b− b)∣∣2 (22)
at the equal sign condition ∆aψ = ψr∆b, where ∆a = a− a.
Corollary 1. The (21) holds if and only if the equal sign condition
Ẑ(s)ψ = Ẑ(s)ψ
holds for a given wave function ψ. If the mean Ẑ(s)ψ = 0 vanishes, then the equal sign
condition becomes Ẑ(s)ψ = 0.
7.4 The proof of the QGR and entanglement term
The proof of the QGR is given as follows.
Theorem 8. [Quantum Geomertainty Relation (QGR)] The variance between the operators
Â, B̂ in a state satisfies
σ2Aσ
2
B +Θ
(
s, Aˆ, Bˆ
)
= Ξ
(
s, Aˆ, Bˆ
)
+ ǫ
(
s, Aˆ, Bˆ
)
where ǫ
(
s, Aˆ, Bˆ
)
≥ 0, and geometric entanglement term is
Θ
(
s, Aˆ, Bˆ
)
= ρ (A, s)σ2B + σ
2
Aρ (B, s) + ρ (A, s) ρ (B, s)
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and
Ξ
(
s, Aˆ, Bˆ
)
=
∣∣∣∣(12{Â, B̂}+ θ (s, Aˆ, Bˆ)
)∣∣∣∣2 +
∣∣∣∣∣∣∣

[
Â, B̂
]
2
√−1 + ϑ
(
s, Aˆ, Bˆ
)
∣∣∣∣∣∣∣
2
where
[
Â, B̂
]
and
{
Â, B̂
}
are respectively the GGC and the GAC in terms of operators
Â, B̂, and the entanglement term is
ρ (X, s) = σ2u − 2uX +
{
X̂, u
}
ir
for X̂ = Â, B̂. Hence, there are two cases given by
i ǫ
(
s, Aˆ, Bˆ
)
= 0 on the corollary 1, and
[
Â, B̂
]
= −2
[
Â, B̂
]
QPB
s.
σ2Aσ
2
B +Θ
(
s, Aˆ, Bˆ
)
=
∣∣∣∣(12{A,B}+ θ (s, Aˆ, Bˆ)
)∣∣∣∣2
ii ǫ
(
s, Aˆ, Bˆ
)
> 0 holds for
[
Â, B̂
]
+ 2
[
Â, B̂
]
QPB
s 6= 0. Then an inequality follows
σ2Aσ
2
B +Θ
(
s, Aˆ, Bˆ
)
≥
∣∣∣∣∣∣∣

[
Â, B̂
]
2
√−1 + ϑ
(
s, Aˆ, Bˆ
)
∣∣∣∣∣∣∣
2
Proof. Based on the above definition, we have
∆Â(s) = Â(s) − Â(s) = Â− A+ u− u = ∆Â +∆u
where Â = A has been used. Then the deviation in terms of Â(s) writes(
∆A(s)
)2
=
(
∆Â(s)
)2
=
(
ψ,
(
∆Â(s)
)2
ψ
)
=
(
ψ,
(
Â−A + u− u
)2
ψ
)
=
(
ψ,
(
∆Â+∆u
)2
ψ
)
=
(
ψ,
((
∆Â
)2
+
(
∆Â
)
∆u+∆u
(
∆Â
)
+ (∆u)2
)
ψ
)
=
(
ψ,
(
∆Â
)2
ψ
)
+
(
ψ,
((
∆Â
)
∆u
)
ψ
)
+
(
ψ,∆u
(
∆Â
)
ψ
)
+
(
ψ, (∆u)2ψ
)
= A2 −A2 +
(
ψ,
((
∆Â
)
∆u
)
ψ
)
+
(
ψ,∆u
(
∆Â
)
ψ
)
+
(
ψ, (∆u)2ψ
)
= A2 −A2 +
(
ψ,
(
Âu− Au− Âu+ 2uA+ uÂ− uÂ− uA+ u2 + u2 − 2uu
)
ψ
)
= A2 −A2 + Au− 2Au+ 2uA + uA− 2uA + u2 − u2
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= A2 −A2 + Au+ uA− 2uA+ σ2u
where σ2u = u
2 − u2, and(
Â− A+ u− u
)2
=
(
∆Â
)2
+
(
∆Â
)
∆u+∆u
(
∆Â
)
+ (∆u)2
= Â2 + A
2 − 2ÂA+ Âu− Au
− Âu+ 2uA+ uÂ− uÂ− uA+ u2 + u2 − 2uu
More specifically, then the deviation in terms of A(s) rewrites(
∆A(s)
)2
= σ2A + ρ (A, s) = σ
2
A + σ
2
u + Au+ uA− 2uA
In order to distinguish the classical theories, let
ρ (A, s) = Au+ uA− 2uA + σ2u
be denoted, then
(
∆A(s)
)2
= σ2A + ρ (A, s). Compactly, it’s rewritten as(
∆A(s)
)2
= σ2A + ρ (A, s) = σ
2
A + σ
2
u − 2uA+ {A, u}ir
where
ρ (A, s) = σ2u − 2uA+ {A, u}ir
can be interpreted as the interactions between the operator Aˆ and environment s. Similarly,
it has the expression for the operator Bˆ given by(
∆B(s)
)2
= B2 − B2 + ρ (B, s)
It should be noted that v = B̂s is for Bˆ. In totally,
ρ (X, s) = Xu+ uX − 2uX + σ2u
where u = X̂s, and σ2u = u
2 − u2. Furthermore, the generalized variance in terms of X̂(s)
writes
Σ2X =
(
∆X(s)
)2
= σ2X + ρ (X, s) = σ
2
X + ρ (X, s)
where entanglement term is
ρ (X, s) = σ2u − 2uX +
{
X̂, u
}
ir
where u = X̂s, and X̂ = Â, B̂ or other operators. Thusly, we get(
∆A(s)
)2
= A2 − A2 + ρ (A, s) = (∆A)2 + ρ (A, s)(
∆B(s)
)2
= B2 − B2 + ρ (B, s) = (∆B)2 + ρ (B, s)
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Let (∆A)2 = σ2A be given for simplicity, then
Σ2A = σ
2
A + ρ (A, s) , Σ
2
B = σ
2
B + ρ (B, s)
More specifically,
Σ2A = σ
2
A + ρ (A, s) = σ
2
A + σ
2
u − 2u¯A¯+ {A, u}ir
As a consequence of above calculations, it leads to the complete result
Σ2AΣ
2
B ≡ σ2Aσ2B + ρ (A, s)σ2B + σ2Aρ (B, s) + ρ (A, s) ρ (B, s)
In another way,
∆Aˆ(s)∆Bˆ(s) =
1
2
[
∆Â(s),∆B̂(s)
]
QPB
+
1
2
{
∆Â(s),∆B̂(s)
}
ir
(23)
More precisely, the details is given by(
∆Â(s)
)(
∆B̂(s)
)
=
(
∆Â+∆u
)(
∆B̂ +∆v
)
=
(
Â− A+ u− u
)(
B̂ − B + v − v
)
=
(
Â− A
)(
B̂ − B
)
+
(
Â− A
)
(v − v)
+ (u− u)
(
B̂ −B
)
+ (u− u) (v − v)
where ∆v = v − v, v = B̂s. Hence, taking the modulus of means, the expectation in terms
of the antisymmetric part of (23) follows(
ψ,∆Â(s)∆B̂(s)ψ
)
−
(
ψ,∆B̂(s)∆Â(s)ψ
)
=
(
ψ,
[
∆Â(s),∆B̂(s)
]
QPB
ψ
)
= AB −BA +BA− AB − Av + uB −Bu− uB + uv − uv
+Bu+ Av − vA+ vA− vu+ uv
= AB −BA + uB −Bu+ Av − vA
= AB −BA + uB − vA+ Av − Bu
= AB −BA + uB − vA+ Av − Bu
=
[
Â, B̂
]
QPB
+
〈
Â : s : B̂
〉
+
[
Â, B̂
]
QPB
s
=
[
Â, B̂
]
+ 2
[
Â, B̂
]
QPB
s
where
[
Â, B̂
]
=
[
Â, B̂
]
QPB
+ G
(
s, Â, B̂
)
is the QCPB, and G
(
s, Â, B̂
)
=
〈
Â : s : B̂
〉
−[
Â, B̂
]
QPB
s is the quantum geometric bracket, and
〈
Â : s : B̂
〉
= uB̂ − vÂ,
[
Â, B̂
]
QPB
s =
Âv − B̂u. Meanwhile, the symmetric part of (23) is evaluated as(
ψ,∆Â(s)∆B̂(s)ψ
)
+
(
ψ,∆B̂(s)∆Â(s)ψ
)
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=
(
ψ,
{
∆Â(s),∆B̂(s)
}
ir
ψ
)
= AB − AB + Av − Av + uB − uB + uv − uv
+BA− BA+Bu− Bu+ vA− vA+ vu− uv
=
{
Â, B̂
}
+ 2uv − 2 (Av + uB + uv + AB)
=
{
Â, B̂
}
+ 2uv − 2 (A (v +B)+ u (B + v))
=
{
Â, B̂
}
+ 2
(
uv − (A (v +B)+ u (B + v)))
where
{
Â, B̂
}
=
{
Â, B̂
}
ir
+ Z
(
s, Â, B̂
)
is the geometric anticommutator, Z
(
s, Â, B̂
)
=(
Â : s : B̂
)
+
{
Â, B̂
}
ir
s is the anti-geomutator, and
(
Â : s : B̂
)
= vÂ+ uB̂,
{
Â, B̂
}
ir
s =
Âv + B̂u. Above all, summing up all the calculations, then(
ψ,∆Â(s)∆B̂(s)ψ
)
=
1
2
(
ψ,
[
∆Â(s),∆B̂(s)
]
QPB
ψ
)
+
1
2
(
ψ,
{
∆Â(s),∆B̂(s)
}
ir
ψ
)
=
ψ,
{
∆Â(s),∆B̂(s)
}
ir
2
ψ
+√−1
ψ,
[
∆Â(s),∆B̂(s)
]
QPB
2
√−1 ψ

=
(
1
2
{
Â, B̂
}
+ uv − (A (v +B)+ u (B + v)))
+
√−1

[
Â, B̂
]
+ 2
[
Â, B̂
]
QPB
s
2
√−1

=
(
1
2
{
Â, B̂
}
+ θ
(
s, Aˆ, Bˆ
))
+
√−1

[
Â, B̂
]
2
√−1 + ϑ
(
s, Aˆ, Bˆ
)
where two notations are introduced to simplify the formula above
θ
(
s, Aˆ, Bˆ
)
= uv − ((A+ u) (B + v))
ϑ
(
s, Aˆ, Bˆ
)
= −√−1
[
Â, B̂
]
QPB
s
Taking the square modulus of it leads to the result,
∣∣∣(ψ,∆Â(s)∆B̂(s)ψ)∣∣∣2 = ∣∣∣∣(12{Â, B̂}+ θ (s, Aˆ, Bˆ)
)∣∣∣∣2 +
∣∣∣∣∣∣∣

[
Â, B̂
]
2
√−1 + ϑ
(
s, Aˆ, Bˆ
)
∣∣∣∣∣∣∣
2
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We let
Θ
(
s, Aˆ, Bˆ
)
= ρ (A, s)σ2B + σ
2
Aρ (B, s) + ρ (A, s) ρ (B, s)
Ξ
(
s, Aˆ, Bˆ
)
=
∣∣∣∣(12{Â, B̂}+ θ (s, Aˆ, Bˆ)
)∣∣∣∣2 +
∣∣∣∣∣∣∣

[
Â, B̂
]
2
√−1 + ϑ
(
s, Aˆ, Bˆ
)
∣∣∣∣∣∣∣
2
be denoted, with the geometric Cauchy-Schwarz inequality
Σ2AΣ
2
B ≡
(
∆A(s)
)2(
∆B(s)
)2
=
(
∆Â(s)
)2 (
∆B̂(s)
)2
≥
∣∣∣∆Â(s)∆B̂(s)∣∣∣2
such that Σ2AΣ
2
B ≡ σ2Aσ2B + Θ
(
s, Aˆ, Bˆ
)
= Ξ
(
s, Aˆ, Bˆ
)
+ ǫ
(
s, Aˆ, Bˆ
)
, where ǫ
(
s, Aˆ, Bˆ
)
≥ 0.
Therefore, we conclude that the equality holds in a state
Σ2AΣ
2
B ≡ σ2Aσ2B + ρ (A, s) σ2B + σ2Aρ (B, s) + ρ (A, s) ρ (B, s)
=
∣∣∣∣(12{Â, B̂}+ θ (s, Aˆ, Bˆ)
)∣∣∣∣2 +
∣∣∣∣∣∣∣

[
Aˆ, Bˆ
]
2
√−1 + ϑ
(
s, Aˆ, Bˆ
)
∣∣∣∣∣∣∣
2
+ ǫ
(
s, Aˆ, Bˆ
)
As a consequence, by applying the corollary 1, namely, the equal sign condition between the
Â(s) and B̂(s) forms a connection ∆Â(s)ψ = α∆B̂(s)ψ, as calculated,[
∆Â(s),∆B̂(s)
]
QPB
=
[
Â, B̂
]
+ 2
[
Â, B̂
]
QPB
s
Then it obviously satisfies
[
∆Â(s),∆B̂(s)
]
QPB
ψ = 0. It means that
[
Â, B̂
]
ψ+2ψ
[
Â, B̂
]
QPB
s =
0, furthermore,
[
Â, B̂
]
= −2
[
Â, B̂
]
QPB
s. As the QCPB stated,
[
Â, B̂
]
= 0 is the covariant
equilibrium equation for operators Â, B̂, but[
Â, B̂
]
= −2
[
Â, B̂
]
QPB
s
in generally holds which does not covariant commute between operators Â, B̂, it’s corre-
sponding to ǫ
(
s, Aˆ, Bˆ
)
= 0.
If ∆Â(s)ψ 6= α∆B̂(s)ψ holds, then[
Â, B̂
]
+ 2
[
Â, B̂
]
QPB
s 6= 0
is for ǫ
(
s, Aˆ, Bˆ
)
6= 0. Thus, we complete the proof.
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According to the theorem 8 for ǫ
(
s, Aˆ, Bˆ
)
> 0 in general, it clearly shows that
Ξ
(
s, Aˆ, Bˆ
)
≥
∣∣∣∣∣∣∣

[
Â, B̂
]
2
√−1 + ϑ
(
s, Aˆ, Bˆ
)
∣∣∣∣∣∣∣
2
Therefore,
σ2Aσ
2
B +Θ
(
s, Aˆ, Bˆ
)
≥
∣∣∣∣∣∣∣

[
Â, B̂
]
2
√−1 + ϑ
(
s, Aˆ, Bˆ
)
∣∣∣∣∣∣∣
2
And then the variance is
℘
(
s, Aˆ, Bˆ
)
= Ξ
(
s, Aˆ, Bˆ
)
+ ǫ
(
s, Aˆ, Bˆ
)
−Θ
(
s, Aˆ, Bˆ
)
As we did previously, we consider the mean vanishes, X and X̂ = Â, B̂, and then σ2A = A
2,
others go as the same, then
Σ2A = σ
2
A + ρ (A, s) = σ
2
A + σ
2
u + {A, u}ir
where entanglement term becomes ρ (A, s) = σ2u + {A, u}ir in a simple form, it goes to the
operator B̂,
Σ2B = σ
2
B + ρ (B, s) = σ
2
B + σ
2
v + {B, v}ir
and θ
(
s, Aˆ, Bˆ
)
= uv− u v, If u, v perform mutual independence, then θ
(
s, Aˆ, Bˆ
)
= 0, and
it makes
Ξ
(
s, Aˆ, Bˆ
)
=
∣∣∣∣12{Â, B̂}
∣∣∣∣2 +
∣∣∣∣∣∣∣

[
Â, B̂
]
2
√−1 + ϑ
(
s, Aˆ, Bˆ
)
∣∣∣∣∣∣∣
2
simple form, thus, on this case, plugging all parts into the theorem 8, we obtain the QGR
on the case of the mean vanishes.
Imagine an extreme case, assume that
{
Â, B̂
}
= 0, and
[
Â, B̂
]
= 0 on the case of the
mean vanishes, then Ξ
(
s, Aˆ, Bˆ
)
=
∣∣∣ϑ(s, Aˆ, Bˆ)∣∣∣2 = ∣∣∣∣[Â, B̂]
QPB
s
∣∣∣∣2, we can see from this
extremely case that prominent position of environmental variables holds for the quantum
mechanics. Surely, this case is hard to achieve, almost non-existence.
Obviously, seen from the theorem 8, the entanglement term does exists between the
environment and the observables represented by entanglement function
ρ (X, s) = σ2u − 2uX +
{
X̂, u
}
ir
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where X̂ can be arbitrarily chosen as a Hermitian operators, and u = X̂s. The theorem 8
at ǫ
(
s, Aˆ, Bˆ
)
= 0 truly indicates that a fact for certainty with measurement
σ2A =
Ξ
(
s, Aˆ, Bˆ
)
−Θ
(
s, Aˆ, Bˆ
)
σ2B
always holds in quantum mechanics, and σ2Aσ
2
B = Ξ
(
s, Aˆ, Bˆ
)
> Θ
(
s, Aˆ, Bˆ
)
.
The theorem 8 indicates that the generalized variance has a deep connection with the
environment variable
Σ2X = σ
2
X + ρ (X, s) = σ
2
X + σ
2
u − 2u¯X +
{
X̂, u
}
ir
It reveals that the environment variable occupies an important place in the quantum me-
chanics.
7.5 The entanglement term and the curvature
Obviously, seen from the theorem 8, the entanglement term does exist between the envi-
ronment and the observables represented by entanglement function
ρ (X, s) = σ2u − 2uX +
{
X̂, u
}
ir
(24)
where X̂ can be arbitrarily chosen as a Hermitian operators, and u = X̂s, σ2u = u
2 − u¯2.
Let’s take the geomentum operator X̂ = p̂ = −√−1~D into consideration, to consider its
components, X̂j = p̂j = −
√−1~Dj, then uj = X̂js = p̂js = −
√−1~Djs. and u = p̂s =
−√−1~Ds, hence, by a directly computation, we get
u2 = (p̂s)2 = −~2|Ds|2, u¯2 = −~2Ds2
Therefore, the deviation in terms of u is
σ2u = u
2 − u¯2 = ~2Ds2 − ~2|Ds|2 = ~2
(
Ds
2 − |Ds|2
)
And then, it also has a series of calculations given by
u¯X¯ = −~2DsD
and
{X, u}ir = Xu+ uX = −
√−1~Du− u√−1~D
= −~2 (D2s+DsD)
Thusly, it yields
{X, u}ir = −~2
(
D2s+DsD
)
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Above all, the entanglement function in terms of the geomentum operator writes
ρ (p, s) = σ2u − 2u¯p¯+ {pˆ, u}ir (25)
= ~2
(
Ds
2 − |Ds|2
)
+ 2~2DsD − ~2
(
D2s+DsD
)
= ~2
(
Ds
2 − |Ds|2 + 2DsD −D2s−DsD
)
As a matter of fact,
ρ (p, s) /~2 = Ds
2 − |Ds|2 + 2DsD −D2s−DsD
can be realized as the curvature terms created by a manifold or space represented by this
environment variable s.
Let’s consider position operator in one dimensional, namely, X = x, then u = xs, it leads
to
σ2u = x
2s2 − x2s2, 2u¯X¯ = 2xs x, {x, u}ir = 2x2s
The entanglement function in terms of the position operator is shown as
ρ (x, s) = x2s2 − x2s2 − 2xs x+ 2x2s
Note that the position operator, the geomentum operator and the structure function or
environment variable are truly existed, then it implies entanglement function (24) is a real
existence for quantum mechanics. In particular, the entanglement function in terms of the
geomentum operator tells us that the measurement with certainty relates the space curvature.
7.6 Discussions on quantum geomertainty relation
Theorem 9 (Quantum Geomertainty Relation (QGR)). The variance between the operators
Â, B̂ in a state satisfies
σ2Aσ
2
B +Θ
(
s, Aˆ, Bˆ
)
= Ξ
(
s, Aˆ, Bˆ
)
+ ǫ
(
s, Aˆ, Bˆ
)
where ǫ
(
s, Aˆ, Bˆ
)
≥ 0, and
Θ
(
s, Aˆ, Bˆ
)
= ρ (A, s)σ2B + σ
2
Aρ (B, s) + ρ (A, s) ρ (B, s)
Ξ
(
s, Aˆ, Bˆ
)
=
∣∣∣∣(12{Â, B̂}+ θ (s, Aˆ, Bˆ)
)∣∣∣∣2 +
∣∣∣∣∣∣∣

[
Â, B̂
]
2
√−1 + ϑ
(
s, Aˆ, Bˆ
)
∣∣∣∣∣∣∣
2
where
[
Â, B̂
]
and
{
Â, B̂
}
are respectively the GGC and the GAC in terms of operators
Â, B̂, and the entanglement term is
ρ (X, s) = σ2u − 2uX +
{
X̂, u
}
ir
for X̂ = Â, B̂.
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Based on this general theorem, discussions on it can be divided into two parts with
condition ǫ
(
s, Â, B̂
)
> 0. More precisely, we divide it into two cases: constant ǫ
(
s, Â, B̂
)
=
C0 > 0 and variable quantity ǫ = ǫ
(
s, Â, B̂
)
> 0, the latter case is a positive definite
function, clearly.
For the first case, it writes
C0 = σ
2
Aσ
2
B +Θ
(
s, Â, B̂
)
− Ξ
(
s, Â, B̂
)
According to theorem 5, in this case, we have
℘
(
s, Â, B̂
)
= Ξ
(
s, Â, B̂
)
−Θ
(
s, Â, B̂
)
+ C0
Therefore, the variance in terms of the operator Â can be expressed by using the variance
in terms of the operator B̂,
σ2A =
Ξ
(
s, Â, B̂
)
−Θ
(
s, Â, B̂
)
+ C0
σ2B
In such equality, once the σ2B is determined by a measurement, then a certain value of the
σ2A follows.
Meanwhile, for the second variable quantity ǫ = ǫ
(
s, Â, B̂
)
> 0, it’s more complex than
the first case, in this case, we have
℘
(
s, Â, B̂
)
= Ξ
(
s, Â, B̂
)
−Θ
(
s, Â, B̂
)
+ ǫ
(
s, Â, B̂
)
based on the theorem 5, the variance in terms of the operator Â is shown as
σ2A =
Ξ
(
s, Â, B̂
)
−Θ
(
s, Â, B̂
)
+ ǫ
(
s, Â, B̂
)
σ2B
=
Ξ
(
s, Â, B̂
)
−Θ
(
s, Â, B̂
)
σ2B
+ ǫ
(
s, Â, B̂
)
/σ2B
We say that the first term
(
Ξ
(
s, Â, B̂
)
−Θ
(
s, Â, B̂
))
/σ2B can be surely known while the
second part ǫ
(
s, Â, B̂
)
/σ2B is determined by the external disturbance ǫ
(
s, Â, B̂
)
which can
be controlled basically.
There is a special case given by zero external disturbance ǫ
(
s, Â, B̂
)
= 0, in this peculia
case, it yields ℘
(
s, Â, B̂
)
= Ξ
(
s, Â, B̂
)
−Θ
(
s, Â, B̂
)
that is a certain formulation.
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8 Geomertainty principle and covariant dynamics
Recall the remark 1, it emphasizes that the quantum geometric bracket pictures the
intrinsic interaction between the observables and the environment. With this perspective, it
certainly leads to the consequence below.
Theorem 10 (Geomertainty principle). The operators corresponding to certain observables
satisfy the quantum geomertainty relation (QGR) 5, then there admits the outcome of each
measurement with certainty.
For instance, the geomertainty principle shows that the position and momentum of parti-
cles can be determined simultaneously. If the position is determined, the momentum is also
deterministic, and vice versa. This is the essence of the geomertainty principle, a particle
can have a clear position and a clear momentum at the same time.
According to the QGR, we have an interpretation for the measurement with certainty.
∆f = ̟
(
s, fˆ , gˆ
)
/∆g
The QGR definitely shows that they must all have determinate values.
Corollary 2. The operators obey the covariant evolution as theorem 2 described, and the
geomertainty principle, then it forms a complete description of determinism of observables.
Therefore, the EPR paradox is as an unstable factor in physics which may be reinterpreted
by new theory given by corollary 2.
9 Universally formulation of QGR for position and mo-
mentum
The uncertainty principle is any of a variety of mathematical inequalities asserting a
fundamental limit to the precision with which certain pairs of physical properties of a particle,
known as complementary variables or canonically conjugate variables such as position x and
momentum p, can be known or, depending on interpretation, to what extent such conjugate
properties maintain their approximate meaning, as the mathematical framework of quantum
physics does not support the notion of simultaneously well-defined conjugate properties
expressed by a single value.
Universally formulation of quantum geomertainty relation as a quantum geometric cer-
tainty relation can be held under the framework of QCPB. In the guidance of the QCPB,
the Robertson uncertainty relation [27] is rewritten in a certainty equality form generally
formulated as the relation
σ
(
Aˆ, ψ
)
σ
(
Bˆ, ψ
)
= ̟
(
s, Aˆ, Bˆ
)
=
√
℘
(
s, Aˆ, Bˆ
)
for any observables Aˆ, Bˆ and any state ψ, where the standard deviation σ(Xˆ, ψ) of an
observable Xˆ in state ψ is defined by
σ2
(
Xˆ, ψ
)
= 〈ψ| Xˆ2 |ψ〉 − 〈ψ| Xˆ|ψ〉2
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9.1 The QGR for position and momentum
In this section, as an application of the QGR in terms of the position and momentum,
we mainly concentrate on the one-dimensional case.
In the beginning, we give the QGR for position and momentum in a state as follows.
Theorem 11 (Quantum geomertainty relation). The QGR in terms of quantum operator
xˆ, pˆ is
∆x ·∆p = ̟ (s, xˆ, pˆ) =
√
℘ (s, xˆ, pˆ) (26)
where ℘ (s, xˆ, pˆ) = Ξ (s, xˆ, pˆ)−Θ (s, xˆ, pˆ) + ǫ (s, xˆ, pˆ).
Transparently, as we can see from the certainty formula, the quantum geomertainty
relation allows one to predict the position and momentum with certainty.
As we calculated in the (25), the entanglement function in terms of the geomentum
operator states that the curvature of the spacetime included in the Θ (s, xˆ, pˆ) is inevitable
to produce an effect on the quantum measurement. Actually, the QGR for position and
momentum in a state has a complex explanation according to the curvature fact. We can
conclude that the entanglement function (24) in terms of the geomentum operator
ρ (p, s) = σ2u − 2u¯p+ {p̂, u}ir
rightly represents the curvature of the spacetime, where u = p̂s.
9.2 One-dimensional case
Geometric canonical commutation relation [15] will be used for this QGR shown as
[xˆi, pˆj] =
√−1~Djxi =
√−1~
(
δij + xi
∂
∂xj
s
)
One-dimensional case is given by
[x, pˆ] =
√−1~b (x)
where s is a structure function and b (x) = 1 + xq, and q = ds
dx
.
As we know, the classical result is calculated by the QPB
∆x ·∆p ≥
∣∣∣∣∣ [x, pˆ]QPB2√−1
∣∣∣∣∣ =
∣∣∣∣∣∣
〈
[x, pˆ]QPB
〉
2
√−1
∣∣∣∣∣∣ = ~2
By using [x, p̂] =
√−1~ (1 + xq), we have∣∣∣∣∣ [x, p̂]2√−1
∣∣∣∣∣ =
∣∣∣∣∣ [x, p̂]QPB +G (s, x, p̂)2√−1
∣∣∣∣∣ =
∣∣∣∣∣ [x, p̂]QPB +G (s, x, p̂)2√−1
∣∣∣∣∣
=
~
2
∣∣1 + xq∣∣ = ~
2
|1 + xq|
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9.2.1 In geomentum operator
Subsequently, let’s compute the geometric anti-commutator (GAC) in terms of xˆ, pˆ, that
is,
{x, p̂} = {x, p̂}ir + Z (s, x, p̂)
As a consequence, taking the geomentum operator p̂ = −√−1~ D
dx
into account, we obtain
the calculation of the classical anti-commutator
{x, p̂}irψ = (xp̂ + p̂x)ψ = −
√−1~
(
x
D
dx
ψ +
D
dx
(xψ)
)
= −2√−1~
(
x
d
dx
+ xq + 1/2
)
ψ
Then it gets
{x, p̂}ir = −2
√−1~
(
x
d
dx
+ xq + 1/2
)
and anti-geomutator in terms of x, p̂ is
Z (s, x, p̂)ψ = x{s, p̂}irψ + p̂{s, x}irψ
= x (sp̂+ p̂s)ψ + 2p̂ (xsψ)
= −√−1~
(
4xs
d
dx
+ 4xsq + 3xq + 2s
)
ψ
Hence, the GAC is given by
{x, pˆ} = {x, pˆ}ir + Z (s, x, pˆ) = −
√−1~
(
2x
d
dx
+ 1 +K (s, x)
)
where
K (s, x) = x
(
2
ds2
dx
+ 4s
d
dx
+ 5q
)
+ 2s
Based on the theorem 11 and the theorem 8, we have a series of calculations given by
Ξ (s, x, p) = (〈{x̂, p̂}〉 /2 + θ (s, x, p))2
+
(〈[x̂, p̂]〉 /2√−1 + ϑ (s, x, p))2
where
θ (s, xˆ, pˆ) = xsps− ((x+ xs) (p+ ps))
ϑ (s, xˆ, pˆ) = −√−1[x, p]QPBs = ~s
and
Θ (s, xˆ, pˆ) = σ2pρ (s, x) + σ
2
xρ (s, p) + ρ (s, x) ρ (s, p)
where entanglement function in terms of the operator X̂ is
ρ (X, s) = σ2u − 2u¯X¯ + {X, u}ir
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for X = x, p̂, Above all, plugging the calculations above into the theorem 11 and the theorem
8, we get the complete expression.
Ξ (s, xˆ, pˆ) =
∣∣∣∣(12{x, p̂}+ θ (s, xˆ, pˆ)
)∣∣∣∣2 +
∣∣∣∣∣
(
[x, p̂]
2
√−1 + ϑ (s, xˆ, pˆ)
)∣∣∣∣∣
2
=
∣∣∣∣∣
(
−√−1~1
2
(
2x
d
dx
+K (s, x)
)
−√−1~/2 + θ (s, xˆ, pˆ)
)∣∣∣∣∣
2
+
∣∣∣~(b (x)/2 + s)∣∣∣2
where
θ (s, xˆ, pˆ) =
√−1~
(
(x+ xs)
(
d/dx+ q + q (1 + s)
)
− xsq (1 + s)
)
9.2.2 In classical momentum operator
Actually, we can calculate above the geometric anti-commutator (GAC) in terms of xˆ, pˆ
in classical momentum operator, let’s see how different both they are. In this way, if taking
p̂ = −√−1~ d
dx
into account,
{x, p̂}irψ = (xp̂ + p̂x)ψ
= −x√−1~dψ
dx
−√−1~ d
dx
(xψ)
= −2√−1~
(
1
2
+ x
d
dx
)
ψ
Then it leads to
{x, p̂}ir = −2
√−1~
(
1
2
+ x
d
dx
)
Accordingly, the anti-geomutator can be calculated as
Z (s, x, p̂)ψ = x{s, p̂}irψ + p̂{s, x}irψ
= x (sp̂+ p̂s)ψ + 2p̂ (xsψ)
= −x√−1~
(
2s
d
dx
+ q
)
ψ − 2√−1~
(
s+ xu+ xs
d
dx
)
ψ
= −x√−1~
(
2s
d
dx
+ q
)
ψ − 2x√−1~
(
q + s
d
dx
)
ψ − 2√−1~sψ
= −x√−1~
(
4s
d
dx
+ 3q
)
ψ − 2√−1~sψ
where
{s, p̂}irψ = −
√−1~
(
2s
d
dx
+ q
)
ψ
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2p̂ (xsψ) = −2√−1~
(
s+ xq + xs
d
dx
)
ψ
Thus, it gets
Z (s, x, p̂) = −x√−1~
(
4s
d
dx
+ 3q
)
− 2√−1~s
Hence, the GAC is given by
{x, p̂} = {x, p̂}ir + Z (s, x, p̂)
= −2√−1~
(
1
2
+ x
d
dx
+K (s, x)
)
where K (s, x) = s+ 2sxd/dx+ 3xq/2.
10 Concluding remarks
In this paper, we have proposed new relation–quantum geomertainty relation (QGR)
in deformation quantization formalism strongly relied on the QCPB proposed in [15]. To
achieve this, first it was necessary to study a general theory of the uncertainty relation and
its developments, and the hidden-variable theory implies the incompleteness of quantum
mechanics based on the uncertainty relation which is strictly given by the QPB or the
commutation.
As described in [15], the framework of QCPB is a complete theory as the complete de-
scription of physical reality that is able to predict experimental results with localized data,
the environment variable in the quantum geometric bracket that exists naturally can be a
chosen hidden variables in the complete description of quantum mechanics. As a result of the
QCPB, the quantum geomertainty relation (QGR) is born to picture this complete descrip-
tion of physical reality. To apply the quantum geomertainty relation (QGR) to the case of
the position and momentum gives some useful results. This allowed us to formulate several
certainty relations. Of course, further investigations in this direction are needed. In a real
sense, the quantum geomertainty relation (QGR) perfectly explains how the measurement
can destroy the classical characteristics of quantum mechanics, the environment variable is
the key reason for all this. The well-known double slit interference is doubtlessly an example.
We notice that the uncertainty relation and its developments all can partially explain the
quantum mechanics, in fact, the fundamental reason is that there is no environment involved
in all such formulae, but QCPB naturally get the environment involved, subsequently, the
quantum geomertainty relation (QGR) can nicely solve this problem. It is expected that the
new results of the quantum geomertainty relation (QGR) will give a better understanding
of the relations between quantum measurements of quantum mechanics and gravity.
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